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pursue i paralll two different
nder proper subtraction.

One approach is to build a theory much like the theory of NP-
‘completeness. We do not know whether SAT s in P, but one consequence
of the fact that SAT is NP-complee i that SAT is not in P unless all NP
s ace in P. Similcly, we will thow that, though we do not know whether
4P i closed under proper subteacton, i holds that 4P s not closed Under
prope subtraction unless it is closed under al polynomiak-time computable

“The other appronch is o seck to completely characteise, in terms of
compleity clss collapses, the issuo of whther #P s closed under proper
Subtraction. In particular, we will see that #P i closed under proper sub-
tracion if snd anly if every probabiitc polynomial-time set v in fact in
unambiguons polynomial time (.4, UP = PP). This is a very dramatic cok-
Iapse, and casily mplies NP = coNP, as will be made explicit later in this
section s Theorem 5.7

The following theorem, whichis proved vin the witaess reduction tech-
nique, smultanously realizes the gosls of both the approaches discussed
above

proaches to st

whether 4P s closed

Thoorem 5.6 The following statements are quisalent:

L. #P is closed under prope subtraction.
2 §P i closed under every polynomia.time computable operatin.
3. 0P = PP,

Proof That pact 2 implies part 1 is immedinte. We will abo show that
part Limplies part 3, and that part 3 implies part 2, thereby etablihing the
theorem.

Let s show that pat 1 implies part 3. o assume that #P s losed under
prope subtraction. It cartainly suffices to show that this implies both PP C
GNP and coNP C UP, as these together yid PP C UP. Since UP C PP
holds without any sssumpton, we may then conclude UP = PP.

Let L be an asbitzary PP language. So, from the altrnate defition of
PP in Fig. A.19,there i a polynommial ¢ and a polynomiak-ime prodiate R
such that

L= (1) I = o) A Rez. )} 2 200502, 1)

Leting,if e o () = gy (1)1 and for b€ (0,1}, Rega(2,38)
Py (5,3, cle Rk i cqurion 5.1, we may without oo geerality
e tht, for ll m, it bl that (%) = 1, and we do g0, (The caee
) = 0 what we e sdeteppin here)

“Ther v an NPT that on input = goses cachy sch tht | = 1(2),
and thn st (). Thus there i a 47 foncion / s that ¢ 1. —
70a) <20 and € L s f(a) 2 20701, The function 9(z)
2900 s o . 4 function, g s a fixed polymomial and () > 1
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seducing the number of acceping paths (1., “Witnesss”) of nondetermin
st machines i diffcult, and often has sevre consequences. I i ri that
Example 5.3 makes it clear that adding, on each input, one accoptng path to
the number of sccepting patha of & machine is poseible (and indecd, I+ sasy).
Th intition of witnes Fedction says that removing one acceptng path on
every input on which the machine had & norgero mumber of ccepting path
Will not be o casy, and may not be possible. Indeed, we'l eventualy s, in
Sect. 5.3, that f one could d this—Which aftr all s ot general subtraction
but s just decrementation—some surprising comploity class collapses would
ollow.

By witnos redction we are lao refering to & vy informal and loose
techaique, which will b sed often n thia chapte. The goal of the technique
i 0 show that f  class, often #P, has some closure property that reduces
the number of witnesses, then some complsity clss collapee occurs. The
e of thetochnique, fo the case of #P, i to jump back and orth bekwen
#P functions and nondeterministic machines accepting Ianguages. Thi is
possible bacause every nondeterminisic polynomialtime macine not only
s » 4P function but b defnesan NP languags. However, beyond that,
f one can make one's #P function of & special form, then the function may
defin o language in & more restictive clsa. For xammpl, if a P function on
ach input ther computes the nteger 0 or the nteger 1, the each machine
consructing that function implictly defines o UP language (and indeed the
same UP anguage for each such machine). The general schem of the witness
Seduction technique s that give the assumption that some partcularcloure
properey holds, we wsh to prove that some callapse occurs, o5, UP = PP,
a ollows:

1. We take some st i the larger clas, .5, PP, and take the machine for
that et and (perhaps afte some normalization /manipulation) cocrce the
machine into & #P function.

2. Then we e the assumed closue to create a new #P function.

3. Then we tako that new #P function and coerce t back into & machine,
in pasticular into a machine defining o language in the smallr clas,
e8. UP.

Of course, the scheme Just desribed is an abstracted and idealized tem-
pla. Though in some case one ca se it sed i exactly the form described
Sbove—e.g, the proof of Theorem .9 —often the template has to be used
in more crenive ways. For example, in the main theorem of this secton—
our proof rogarding proper subtraction — large compleity clss collape i
piece together by lnking two smaller collsies ech of which is individually
abtained via separate uss of the above template.

This concludes out comments about the flavor of the witness reduction
technique. Now let us tur to discusing how we will approach a particular
problem, namely, Pause to Ponder 5.5. As mentioned in footnote 1, we will
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Since #P i by our assumption closed under proper subtzacton, and a5
1 and g sce both #P functions, we have that h € #P, whete

) = flz) 0 (a).

Since h is a #P function, there is an NPTM N such that on exch z, h(z)
quals the numbe of accepting paths of N(z). However, note that /() ©
9(x) = 01if z ¢ L, and f() ©9(z) > 1 z € L. Thus, viewed us an NP
‘machine, L(V) = . So ou acbiteary PP languge isin NP. Thus PP C NP.
Since PP = coPP, chis imples PP € coNP.

Sl wnder the assompion chat #P is closed undet propet subiraction,
e now seek toprove that coNP € UP. Lat L bo an abitrary coNP language.
Lt N be an NPTM accepting L. Viewing N s 8 machine defining 8 P
function £, note that 2 € L — f(s) =0 and 2 ¢ L = /() > 1. The
constant function o(x) = 1 s a #P functon. Since #P is by assumption
cloed undr proper mbrstion, h() = 96) () must s be's #P
function. However,

rel = he)=1

and
2EL s hz) =0,
So the NP machine coressponding to h proves that L & UP. Since L was an
arbitrary coNP language, coNP C UP.
‘Sumining up, we have shown that if £P s closed undet proper subtzaction
then
PP G coNP and NP C UP,

and thus, s discussed calier i the proof, we have shown that part 1 implies
part 3.

“Wo now show that part 3 implies art 2 So, assumo that UP = PP. Let
0p:N x N N be any polynomialtime computable opertion. Let { and g
e arbitrary #P functions. We will show that A(z) = op((2),o(s) i itself
o #P functon.

It s ot hard to se—and we suggest 4 an easy exerclse that the reader
verfy theso—that

()] () 2 n) € PP

and

(=) o(z) 2 n} € PP.
So the language
V= ()| (5m) € By A s +1) €5, A
() € By A (z,ms +1) € B,)

must alo be in PP, as V -truch.
(vith © denoting disjoin: nion: ¥ ©.
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Theatem 5. shows that proper subtracton s among al polynomialtime
computabl operetions,the one most resstant 1 being a closure property of
4P T it the only operation to have this distinction? I fact, it i nct. Just:
a5 there o many sets that are NP-complet, 50 also are there  variety of
polynomialtime computable operations that, ke proper subtraction, seem
deepy resistant o being closure propertos o #P. If the notion of “deeply
resistant to being closure propertes” seems ovely nformal (since either they
are or they aze o closure properties-though we note that NP ses ciher
arein P or are not i P, yt most peopl fel comfortabl inormally thiking
of SAT as an NP set that is mest unliely to be o P), then in light of
Theorem 5.6, we can simply seek polynomial-time operaions o for which one
can prove that o isa closure property of #P if an nly if all polymomiak time
computable operations are closure propertes of #P. Here, we look at just:
one other such property, namely, integer divison, L., the operation, from
Nx N to N, that i defned by a 0b = [a/b)

'Of court, an NPTM caanot have  factonsl number of accepting paths,
and thus sudying divison itslf would be diffclt. However, by studying
integor ivison, e need not addressthat problem. Yot ther s tll  problom
Left, namely, divsion by zero. Throughout this chapter,closure willn general
e defined via Deinition 5.2, Homeve, nteger divison is an exception. To
avoid problems with division by zero, we formalize this exceptional case not
by Delinition 5.2, but rather by Defiiton .8, which explcity contains
clause regarding that case.

Definition 5.8 Let F be o class of unctions from N to N. We say that F
s closed under integer division (2) if

(Vh € A€ F : (ifaln) > O/ 0 s € 7.

ahere the ) above is the integer sero (., the integer representd by he empty
sring).

Theorem 5.0 The folloving statements are equivalent:

1. P i closed under integer division

2 4P is closed under every polynomial.time computabl aperation,
35 UP=PP.

Proof Of course, part 2 trvially implies part 1. By Theorem 5.6, parts 2
and 8 are equivalnt. Thus, we need only prove that part | implics part 3
and we are done.

‘Suppose that, P i closed undor nteger divison. Let L be any PP set.
Wo sok to prove that L € UP. I s not hard to see that If € PP, then
there s an NPTM N and an ineger & > 1 such that

1. o each input 7, V(=) ha exactly 2" computtion paths,esch contain-
ing exactly [2[* binazy chojees,
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UP = PP by assumption,s0 € UP. (o wants o seethis without having
to g Torem 017, o o ooty et e vl gt
and more s Theorem 57-that UP = PP implies that UP
e s done e PP sty coniins ol e that boundedHruthtable e
to seta in PP)

Since £ and g axe #P functions, thre is  polynormial g such that, fr all
2, max{/(2), 9(2)} < 2070, Consider the NP machine, N, that on input
oasthe ellowing:

1. Nondeterministically choose an integer i, 0 < § < 210,

2. Nondeterministically choose an integer 7,0 < < 20071

3 Nondeterminisically guess a computation path of the UP machine for V
on it (z,, ). the Guesed path rlects the o simulations current
ath rejects. Ifthe guessed path accepts then nondeterministically guess
an integer £, 1< k < opl,), and aceept, (Note: If pl,) = O then
o will in this tep generate no accapting paths, as no such k can be
fenerated)

So h(z) = op(f(z),0(z)) must be & P function, since fo each z, N(z) i
an NPTM having exactly op(f(z), () acceping paths. This i s0as the V.
st i step 3 bove succeedsonly when i = £(z) nd 3 = g(x), and ven that
case succeeds on exactly one path ofthe machine for V, a that machie taclt
s UP machine. Thos,sinc op was an arbtrary polyhormiabtime operation
and { and g were abitrary # functions, we have shown that part 3 mplis
pare2 o

To help gt an ncuion a3 to how strong the collpse “UP = PP* of
Theorem 5.6 s, we state the olowing reult that shows that it implics o
huge number of collapes of mare famila complexty cases.

Theorem 5.7 The following statements are equivlent:

1 UP=PP. .
2/ UP < NP'= coP = Pl = 0P = PP = PP U PP'F PP |J

Proof UP C NP C PP. So, since PP is closed under complementation,
GNP C PP. Also, if NP = coNP then PH = NP. Thus, it UP = PP then
UP = NP = PP~ coNP = PH. Since P C PH, under our asumption
it holds that P = UP. Consider PPS¥. By Lomma 4.14, this s contained
in B by our assumprion that UP = PP it is contained in PV, which
a5 jus noted under our aseumption equals UP. So tnder our asumption
PPF = UP, and so PP = PP = GP = UP. We are now done by easy
induction, vie epented use of Lemma 414, .5, taking the cas of & “stack”
of three PP's, PP C PP C pp™* € pPPF C pPSF - UP. (Note:
by drowing o fats thatae nok hrd but tht we ave ek proven, such
s that PPUP = PP, one could give an alternate proof that docs not invoke
Lemma 414) ]
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o) <= K(r) = 0. Since the cooffiient of X* in N(X) i 1, there are at
mot d roots of . So, 1(r) = (r) for at most d values of 7. E)

6.1.4 The Permanent Function

Let 2 1 b an g, By M ) v dect st of all 5 matices
oo 2ot = o) € D) o erament o 4, et by (A
S v v, e s o o prsiions of {1y The
Gmens RS A enced by d A, a1, o o 5, 1< 15 &
e L i of A, decid b Ay, i he i coviacted om A
1 siing out he i o and the 1 o sl

Proposition .

1. For cach f & P, there xist o poynomial-time computabe functions
Ry and Ry such that,for every x € B, thefollowing o conditions hold:
« () is  square iz al of whose eniies ar nonnegatie integrs.
« 1(2) = Ral(z,prrm(Ra(2)).

2 Die problem of computing the permanent of matrics whose entrics are
nomegaive ntegers belongs o 4.

3 Let A€ My (2), for some n 22, Then

pema) = 3 pem(Auo
2

4. Let A € My(2), for some n > 1. Let m be an integr such that cach.
entry of A s in the ntervl |27 2. Then

[ ——————)

5 Let A = (a),B = (by) € Mo(2), for some n 2 1. Defne Ey) =
YA+ (1 =918 = (@i + bo(t'~3) and 1) = perm(E(s). Then
perm(4) = 1(1) and perm(B) = /(0. Alo, 1 € 2], te degre of f is
most v, and or every m €2,

perm(E(m) = f(m).

6 Lt 1 bt Bl € My @) b such tht cach niry of EG) i 0
s Fon . e e 0 i e ot o o vy of
Elyy ae v v (4™ T e s of prnE )
B e ek

Proof _For part 1, see the Biblographic Notes. To prove part 2,lt N be
the nondeterministic Turing machine that, on 1nput A = (sg) € N, for
some 1, behaves s follows:

Step 1 Foreach i, 1< ... <n, N guesss a mumber Ju 1 € 5 S
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~ (Muldivariste Polynomials) 1f / is an s-variate polynomial of total
degree t most d over a el F, then for every .2 € F*, it holds that
3+ 12) = 0, wheto for svery §,0 € § € d+ 1, % =

). (See Lemma 6.31)

To develop inteactive proo systems for P#7 (— P'F), PSPACE, and NEXP,
s some some specifc propertesof these raditional complexity clases

« P#P: Wo show that the permanent function, whichis complete fr #P,
has an interactive proof system, Lo, the permanent can bo veriied in
teracivly. The basc propercy we use is that the permanent o o matrix
can be uniquely recovered from the permanent of s minors (s part 3 of
Propositon 6.).

« PSPACE: We arithmetize the reachabilty problem on the computation
troe o a deterministic polynomiak-space Turing mackine. There are no
branches in the computation tres of & detorministic Turing machine, t0
for svery k > 1, if there s a kengeh 2 path from » configuration 4 to
 configuraton o, then there is 2 unique “middle pont” configuration 1
Such that ther i o ongeh 241 pah from  to w as wel s o length 241
path fom w to v, We will transform thi sbservation ito  squence of
verifieation

« For NEXP, wo arthmatize the computation of an exponentaltime nonde-
terminisic Turing machine by applying the tableau method. We obtain o
characteriation of sach NEXP language L: Fo svery 7, thero is » ICNF
formula ;. having exponentially many clascs over exponenially many
Variables, and € L if and only i the ormula g, s satsfiable. We devlop.
 protocol fo verifying that . issatisfible

6.1.3 A Robust Characterization of Low-Degree Univariate
Polynomials

As stated in he following lemm, low-dogree polynomils that ae difeent
from cach other cannot agreo st many points. For a ring R and o set
variables Xy, -, Xon, RIXG, .. Xp] denotes the s ofal polynoials
X\ Ki Wit couficants in .

Lemma 6.2 (The number of roots of a polynomial) Let R be o ring
without sem divicors. Let d > 1 be an integer such that i the mlipicative
aroup of R s finit, then ts o s greter tha d. Lt andg b polymomials
in RUX) of degre ot mostd that are iffrent from each other. Then (r) =
9(r) for at most d valus of r

Mulivariate polynormials have a similar propersy (se in Lomma 632 in
Sect. 6.4)

Proof Let A(X) = /(X) ~g(X). Then h s  nonzero polynomial of dogree
.0 ¢ < d. Lot be ihe cofficien of X n A(X). Since there s no zer0-
divisor in R, K(X) = h(X)/a is deined. Then, for every r € R, 1(r)
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Combining Theorem 6.4 and Tods's Thoorem, PH € P# (ase
Theorem 4.12), we leaen that every Inguag in the polynomial ieracchy
s an ineractiv proof system.

Corollary 6.5 PHCIP.

To prove Theorem 6.4, w'll devlop an interactive protocol fo the per-
manent function of nteger marces

Let L€ P#F. By parts 1 and 2 o Proposition 6.3, i s ffP-complete to
compute the permanent of matrices whose entres are nonnegative Integors
S0, wo may assume that there is a polynomialtime-bounded Turing machine
M that decides L with porm as an oracl. Since M s polynomial time-
‘bounded, ther i & polynomial p auch that fo every 7 € B+ M satises the
following two conditlons:

» Ragardles of s oracle, M on input  makes at mst (=) queries
« For each potential query A of M on input 2, dim(4) < p(z) and svery
entey of A is i the lnterval (22070, 20

We will construc an iteractive proof system (P,V) for L. Let z € E* bo
o sring whos membersip n L we are esin and n = [z, Th wrfer V
simultes M on input = determinsticlly, and ecepts o rjcts scordingly
When M s ahout o make & query A ot orace perm, nstead of making that
query 0 P,V xacutoth protoelprsented i Fig. 62, Durin the proocel,
V minain st of mtriineges pars, A = (B0, .. (B )], 0
b P b promised that for Al 1< 1 < m, perm(5,) = v, whorefor some
4321, By B € Mal2) tnd o, v € 2. AL the st of the
proocol ¥ obtain o the pover P s vas & s P e perm(A4) and
et A to (A, )] Then V interats with P to redce the dimension of the
matx cntries i A to 1. AL tha poit, since th nmber of pais [ . will
2 exced the dimenonofthe e, Uher s oy on pale (5,5) i the
st an the prover has promised that parm ), whic s th unique entry of
15 by defnition, I . 5o,V checks whather what the provr has promisd i
corec. 120,  roturns to the simulation of M sevming that perm(A4)
Olerwine, V terminate s computaton by rfecng the np =

Wo clam that his potoce witnsses that L € . To prow aue csim e
need 0 show the Fllwing

1. The protocol Is complete, L, for very € L, there exists  prover
such that V accapts 2 with probabilty at last 3 through interactions
with P.

2 The protocol s sound, e, or every = € T, and every provr P, V acoopts
= with probability at most §.

3.V can bo polynomial tim-bounded.
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Step 2 Lot x bo the foncion that s cach 1< < 1,105, N et
Cehether i3 petation of (1 ) 11 #doe it pssth et N
Tents 4 Othroise, N proces o St 3

Step 3 N ets P 1o the product P = Hyauga . N computs ¢ =
Tlog(P + 1)1,

Step & N omdsterministiclly g  string y of g . th o of
T 5 i s han 1 s Pt P s A Ouerwio, P reects
4

Let A be an input to N. Let m be the dimension of A. Note that, fo every
permutation 7 of {1, .. ,m), thee i exactly one set of guesses jy, - .
in Step 1 such that the mapping x deined by 3y, . .jn is 0. Let & be &
permtation of {1, ..} Supposs that N selects 0 5 « n Step 1. Then =
asses the st in Siep 2, 80 N enters Step 3. The number of accepting paths
N produces for o in Step 3is P, which i equal 0 [T, g S0, th total
umber of accepting computation paths of N on inpt A is perm(4). Let H
be the argest sntry of A Then H < 24 So, the product P in Step 3, if N
arves b Step 3, is ess than 2°41, 0 ¢ < nlA|. Snce n < |41, ¢ < |47 This
imples that N can be made o run i palynomial Gme.

Past 3 can be proven by routine calculation.

Past 4 holds because the abaoluce value of the permanet is bounded by

T S g S it

To prove part 5, It n, A, and B be as n the hypothesis Define E(s) =
9A+(1~)B and 1(y) = perm(E(y). For all m € Z, f(m) = perm(E(m))
In particular, £(0) = perm(B) and (1) = perm(). Note that

16 =X T (oow + b1 =9,

where x ranges over all permutationsof {1, ..,n). For all permutations =
and ll inegers i, 1€ § 1, 0o+ b1~ ) 3 v fonction o .
S0, Moo+ o1 1) i polynomial in y of degre at most .
“This il tht /(s) is & polynomial n  of dgree t most .

Part 6 holds because fo each d, 0 < d < 7, the abeolute valu of the
couficent of 1 in perm(E() is bounded by

R pr———

6.1 An Interactive Proof System for the Permanent

T the et ofthe section we prove that PP hasan ineractive prof system.
Theorem 6.4 P#7 C P
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T Send A to P and obtan from P & v w5t A (040
Step 2 (&) Lot (5,0) th unkqiocrment of A Remove (5,0) from .
) setd 1o dim().Tr = 1 then gt St 1.
) For cah 6121 < d, et By, o P and abtan rom P a value . tha
Pl pem By )
(@) Test whther v = 51 by f the et i, et =
() et A0 (B0, (B, 0] and proced 1o Step 5.
stop3 Repent (3-(5) uni 4] =
") Rermow th s two slments (B,9) and (€,) fom A,
() Let ' be o variable and m ~ dim(B)(~ dim(C)). Compute the matix
()= (€400)) € Man(zis) defned foral 5,1 5.3 € m. by

)

ghae B = () and O= (c).
(@ Send E) o 2 chain s poymomia /) € 2] thas Pl i
rem(E)
() a0 s = S0 et i, e it =
0 P € (0. 3401} e e e diotion s o
e D 505 (om0
(0 Ropena (0,5
RS s
Stap.3 Tk b i th s ey i B, the et succnds ot o
i s, W o A S o e .

v+ (1= v,

Pig

Interstive protocol for the perrnent function

6.1.5.1 Complotens of the Protocol. I order tosec why the protocel
e Complete et be an acbitracy member of L. L. b the prover hat
aways provides coreect answers {0 the querie of V. Since P vl vy
provids corcect amwee,cegrdless of the probablsic choices of V., ol e
i 62 will cceed Thi il tat V o0 2 though neractions vith B
Will fllow the computation path that M on gt would with perm s the
orale,tnd s, will accept . 5o, the prababiy tat V' on it 2 sccete
with B s the prove i 1. Thus, the protoce s complte

6.1.5.2 Soundness of the Protocol. In order o prove that the protocol i
sound, It 7 be an arbitasy element in L. Let p be the maximum probabilty
of accuptance that ¥ on input  has through interactions with any prover.
We claim that p < 3. Wo prove the claim by contradicton. Asume, o the
contrary, that p > §. Let P a prover that achieves 45 the acceptance
probabliy of V on input =

Note tha,to achievs  nonzero probabily f acceptance, P hs o provide
an incorsect answer in Step 1 of the protocel to at lesst one query that V.
produces on input . To see why, assume that P provides a corrct answer
i Step 1 of the protocel o each query that ' produces on imput . Take
an acbitrary computation path, 7, o V on input  through iteraction
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Step 3(s) Suppose that there remains at lenst one incorect pai in A. If
o snce the ncorrec paie wil ot be removed from A fn the subsequent
Stepe (1) theough 5(1) the incorrectnes of A il be preerved n the sub-
seqent Steps (5) through (). So, suppose that thee remais no ncorect
par in A aftr popping (B,1) and (C ). Since i ncorrect, it must be the
casntht a et one of (5,4) and (C,u) isinorrect. et £ be the polyno-
mial that P providesfor the permanent of Eu) = yB -+ (1 ~3)C. Suppose
that  survivesthe tet in S 3(4). Then /(1) = aod 1(0) = v. Snce £
saises perm(B) = perm(E(1) ond perm(C) = perm(E(D) and, by ou as-
sumption, ithe v # perm(B) or 7 perm(C), we have £(4) # perm(E(3).
Sincedin(B) = dim(C) < Aim() < (o), perh(E(y) s & polynomial of de-
sree at most (). S0, by the Polynomia! Inerpolation Lamima (Lermma 6.2),
e are at most p(n) many  for which perm(E(r) /(7). Thus,the prob-
abity hat the par (D, ) that V. produces rom (B,5) and (€, s correct
s 3t most 25} Thia imples.that. the probabilty tht the incorrctness of
i preserved during  sngle run of the loop body i at enst 1 — 2. The
number of imes tha the loop body of Step 3 i executed is

Palotn) -1)
Y G-n<BEER

ssicdimans

20 the probabilty that the unique pair in A in Sep 4 s incoreet s at least

(o)™ 2

S, i it robily a s 1 55 T et cha § provided
P 14,505 §. Thi b  comradicion. Thu, e prtocl s sond.

6.1.5.3 Runing.Time Analysis. To prove that V' is polymonil time-
ounded,we may sssume tht St 36, the provr rturns the polynomial
110V by providing ntegers o, ., uch that () = r 1 -+
o, where d = dim(E(r)). Let A be a query of M and d = dim(4). Assuming
that V reaches Step 4, V/ executes Step 3(e) m = Y, (i — 1) = 41

ime. Fo eaeh 0 % € < ot £, be th it g € such hat
‘the interval [~2‘,2] contains all the integers that have been seen either as
couficiets of polysomia entries in £(s)or nties of maics in he st A
by thand of the h axection of tap 3e. Then fo < pr), For very 5,
1< 1 < m, ench entey of E(y) i the th execution o St 3(c) takes the
form 71—, 2 a4 o i e
oy s slced fom 0,27 1) i mple tht fo evry 1,1

% . o (k) < (b it € ) <20
Than, by pct 4 f Propotion 83, o avry teger matx B hat appess
‘during the protocol, log [perm(B)| is at most.
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P. Suppose that V on input = along path 7 terminates bafre V comple
ts simulation af M on 2. Since V never accepts during the execution of the
protocol, thi implies that V. rejects 7 along path 7, and this, 7 doss not
contribute to the probabiliy o acceptance of V on inpt . So, suppose that
Von input = along path = complete it simulation of M on input 2. By
asaumption, P provides the correct answer n Step 1 to each quey that V on
input 2 makies. o, the answers that V obtains from P long path x are those
M o input 2 would recive with porm o the oracle. This implies that the
computation of M on input = thet issimulated by V on input  along path
e precaely that M on input 7 with oracle perm. Since M i determinietc and
2 € L, this mplis that ' on input 2 slon path = rjects. Hence, regardiess
f whether 1 fnishes its simltion of M o input 7, V. on input 7 slong
path 7 rejcts. This implies p =0, & contradiction.

By the above discussion, suppose that V. has made a query A having
dimension greater than 1 10 P and P has provided & vlue u # perm(4) to
the qery A in Step 1 of the protocol. Then V. sets the vale of A o [(A, )]
We will examine the subsequent execution of Seps 2 and 3. To simpliy our
discusion, call & matrixintger pai (B,u) in A cormet if v = perm(B);
otherwise, call the pair incormet. Cll A cornet if every matrx.nteger pair
it s correct; otherwise, call A ineormct, Note that the following three
conditions hold:

« Inmediasely after Step 1, A
s incorrct by our supposition.

 In'' halts before reaching Step 4, then ¥ does so by rfecting 2.

1o Step 4, V' returna o its simulation o the machine M on input if A is
correct and efects 7 otherwise.

incorrec bocause i unique clement (4, 1)

Wo will how tht. the probalily hat V reschs Sep 4 and A bocomes
ot bor V peches Sy 4 et 1.

Fire wpore hak A i ortcs st th Segnning of Sep 2. Lt (B,1)
e he v marimeger e v A and 4 b he dimein of B. e
o et 8 1. Oterwie, ¥ wil immdisely Jmp i Sip 4 and
h ncrrctnes af A il b presrsed. Supose etV b btsined rom
e bttt S 26) 1«1 8 ah permantof the miors
By B, reapective: n th subeuens St 3. V e whther
b Supposs tht i ek sncesds. Then sice pe(B)
S rcigryperm(B1,) and v # perm(B), it mia be the case that for at et
onet:1 <1< d, perm(By) # vi. Thus, A at the beginning of subsequent
Stop 3ic coret I Stk word i 1 dow ne et 1w 2 then
Ch proerty tha A i ncorrec shold b proved duin tep 2. and A
e corect ¢ the beganing of St 0

S, sppote tha the 1 i et t e boginin.of St 3. A
s oy one st  immediaiely reare t St 3 wihout modiying
X s he mcrrecines f N presrve S uppos ha A ha ot st
o dements. Lo (5,0) and (G) b the pare hat ¥ popa om A
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What kinds of langusges can be verifed by interative proof systems?
‘What are the relationships between this e system of proots and the tra-
ditonal ystem of succinct. proof verlcation? Would there be any diference
i more proves were added to the system? Prcise answers o these ques.
lons have been given, Chrough remarkable developments n the technique of
constructing protocols between the verie and the provers. The technique
consists of two parts: (1) converting membership questions into arthmetic
formulas and then (2) verifyng evaluston of such formulas with gradual,
Fandom instantiation of the varisbies in the formula (polynomial inerpola-
ton).

In this chapter we swim through the progres in this area by outliing
the dovlopment of the technique.In Sect. 6.1 we prove that P#* has iter-
active proof systems. In Sect. 6.3, improving upon the technique for P#F, we
prove that the clas of langiages with interactive proof systems is precisly
PSPACE. In Scct. 6.4 we prove that the clas of anguages with multple-
prover iteracive proof systems is precisly NEXP. Section 6.2 pesents an
spplicaion of the polynomil nterpolation techniqe tothe problem of enu.
merating candidates fr the permanent functon.

6.1 GEM: Interactive Protocols for the Permanent

6.01 Interac

Proo Systoms

Lt us formally define nteracive proofsystems (se Fig. 6.1). An iteractive
proof system has to components, verlfer and a et of provers. A verifier s
 polynomial tme-bounded probabilsti orscle Turing machine with k query
apes and k query states for soma k > 1. Por each , 1< i € , ch ith query
tape and the ith query stae ate asociated with  unique machine, clled
 prover. For each k > 1, when the veriier nters the Ath query state, the
contents ofthe Ath query tspe are reod by the kth prover and is answr to
the query replace the query; al thes acions take place n one step. The
provers can use unlimited computational resources and randomness, and can
romenmber previous interaction with the verifer. However, when there s more
than one prover, they canot communicate with each other.

Definition 6.1 For any k > 1, a lenguage L has o k-prover interactive
roof system if there exists a polynomial time verifie V interacting with k
rovers such tha, for every z € 5, th folouing conditions hol:

1. (Comploteness) If = € L, then there is a set of k mochines
Py . Py, such that that V. accepts = uith probabity grater than §
with Py - Py as provers.

2 (Soundnoss) I/ 2 & L, then through interactions with any set of
provers, V on input = rejects with prbabity greater han
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A standacd view of mathemmaticl statements is tha they shovld be accom-
‘panied by succinely writen, easly veriiablecetifcate. To wi, open one of
Your favorite mathematic or theoretial computer seence texthooks (if You
rave one f o, perhaps the present text will become Your favorite). You'l
s tha sl the formal statements thee ace accompanied by strings of text
called proofs, which the utho belives to be asly verifiable by anyone with
enough background.

Pushing a little harder on that easly veriable® property of crtficates,
one arrives st the concept of algorithmic verification of mathematicl state.
‘e, It s this concept that led Alan Turing to invet his “computation”
model the Turing machine.

“Ths when w talk about standasd Turing machine computation, mathe-
matica tatements are thought of s deerministially verifible For xample,
we often view NP as the las of languages with the property that every mem:
ber has short, deerministically verifabl cetificates but no nonmember has
such certifictes.

“The intersctve proof system, the focus of this chapte, reflcts & new
spprosch to verifcation. Two features are added to proof system: the use
of randomness and ineractions with & machine (or & st of machines) that
provides nformation. We no longer require that mathematical statements
posscss determinitically verifiabe proofs. The mathematical corectncss of
satements is verifod throngh ineractions between two machines, called the
verfer and tho prover. While the computational pover of the verifer s lim-

o polynomial time endovwed with the abiity to we randomness, the
o ofthe prover s unlimited. The objectiv of the verifir i o determine
with a high level of conidence whether the input i & vld staement, while
the objetive of the prover i to make the verifer beleve that the statement
s valid with as high confdence as possible, regardlss of what probabilistic
choics the verfer makes. A anguage has a interactive proofsyste i there
i a protoco that has the following two propertie: (1) for every member, &
prover is able to make the verife believe with very high probability (cose to
one) that it s valid member, and (2)for every nonmember, the possbiity
that the verifie believes that the nonmember s 8 valid member is close to
2010 o matter what the prover docs,






index-125_1.png
51 GEM:Interactive Protocls for the Permanent 111

Prover 1
e Query Tapes [t To
Contol
e ProverZ

Work Tapes
Fig

At prove nteractve proof sytem

1P (repectiely, MIP) is the clas of ol languages L that have one-prover
ineratio pofssems ety &rover deato prof sstems for
some k)

Well drop
is only on prover

e-prover” whenever t i cleat from the context that there

6.1.2 Low-Degreo Polynomials and Arithmtization

One of the two bsic ingredionts o the palynomial interpolation echnigue is
arithmetizaton-—transforming computational problems o those of valuating
(saebraic) frmulas nvolving polynomials. Two propertis of polynomials
arecrucia:

« Low-degre, norcero polynomils have a smll number of sers.
= (Univariate Plynomials) 1t f i a polynomial of degree d over a feld F,
then the number ofroots of f i st most . (See the proofof Lemma 6.2)
~ (Muldvariate Polynomials) 1 £ is an s-variate polynomial of ot
degree st most d over » ld F, then the numbet of clemente of F* that
ate oot of £ s at most dF|[4-1. (See Lemma 6.32).
« Low-degree polymomials have o robust charaterization, in the following
= (Univariate Polynomials) 1/ i a polynomialof degeee d over » ield
F, then f can be specfied uniquely ither by the d + 1 cooficents of
or by alst of d+ 1 points that / passes through. (See Lernma 6.28)
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Note, crucially, that this function peaks when (z) = 201, ot which
point A(z) takes on the value 24120051 2 9702, For al val.

s of (), 0 < f(x) < 20, other than f(z) — 2NN, Kz) <
ez 2 20503 Thus, + and S have exacly the property we
wore seeking. O Lemma 514

We continue with the proof of part 2 of Theorem 5.13. We will prove
separasey the claim for maimum and for minimum.

“Asoume that #P ia closed tnder masimum. Lot L be an arbitrary C-P
languge. Let  and S be s in Lemma 5.14. So clatly there is 8 #P function
1 such tha, fo each =,

Lzel = f(x) =200 ad
2 2¢L = f(z) <2002

“The functon o(z) = 27072 _1 clealy belongs to #P. By our assumption of
closure under maximum, A(z) = max{/(z)9(x)} i & #P function. However,
2 € L then h(z) = 2404, and itz ¢ L then h(z) = 2402 1 Thus,
Lc SPP. As L was an arbitrary C..P language, C.P C SPP, and thus
C.P = SPP a5 PP C C.P holds unconditonally.

We turn o the case i which we assume that P s closed under miimun,
Let L be an arbitrary C.P language. Let r and S be asin Lemma 5.11. Let.
(polynomisk-time) predicate (z,5) be defined such that it holds exactly
when S(z,) holds. So, via the NPTM that gueses srings y of lengeh
(1= and then checks (z,), clealy there is & #P function 1 such that,
foreach 7,

Lael = f(z) = 320D, md
22gl = [ > @]

The functon (x) = 1+ (3/4)2°0%) clarly belongs 1o #P. By our as-
sumption of lesure under misimum, h(z) = min{ (2, 0(2)) i o #P fonc.
Gon. However, if 7 € L then h(z) = (3/0270%), sud it 2 ¢ L then
)= T /4D T € s Howes SPP = 5P, s
L ESPP. So, agin, we may conclude that C_F = SPP.

5.4 A Complexity Theory for Feasible Closure
Properties of OptP

#P, which captutes the cardinality of the sccepting pach sets of NPTMs,is
ot the only computationally central clas of functions. Another importaat
class of functions is OpP, which captures the notion of maimizing over the
outputs of an NPTM. This can be formalited 35 follows. Consder special
NPTMs for which each path outputs some nonnegatie ineger—paths that
do not explicily do so are by convention viewed as implicitly having output
the intoger 0. A functln / 1 an OptP funcelon f there s o such machine,
N, for which, on each 7,
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and otputs  oberwise.

“This machine will ot 0 on each o s paths that docs nt g paths
having 1(2) s ey nd hovin () 0 5, o hat docs s such patls bt
ks b e for ot . wil oty ouput op(/(2)(23) om ech
ach that o gues pths achiving s thie outpits (2) and 9(5) and
e gueses sccpuing paths of N, and Ny, Not that some pth ndeed wil
ks th comec guessa

W now argue hat par 1 imples part 3. Assume tha OpeP is closed
under prope subtraction. Let L be a aebitrry NP language. Consier an
NPTM that simulate  standard NPT for L bt that o each ejecing path
outputs 0 and on each sceping path outputs 1. This machine provs hat.
he chaacirisic funcion of L  an OpP funcion. The fncion o)
is s an O funcion

Since OptP i by sssumption closed under prope subtrscion, A(z) =
5(2)6 (2 i an OpeP function. et N be an NPT that computes i the
Seme of 0 OpLP mackine, L. n eachinput =, the Lrget vaue ot by
N(2) i vy hz).Note that hs) = 01 = € L and he) = 12 ¢ L. So
Consde the NPTM, V', that on cah ioput. = gocses o pah of N(z) and
Sccpts (om the curten. pat) i the gessed pth outpu 1. L(VY) = T, o
oue aeitrary NP langung i ot blongs 1o oNP. Thus NP = coP. O

Weloav . cxereis o the reade o prove for the fnction class SpanP
(s Sec A16)th anlog of Theorems 5.6 and 5.15

Thoorem 5.16. The folouing statements ar equisaent

1. SpanP s closed under proper subtraction.
. SpanP i closed under every polmomial-time computabe operation.
3. PP < PH = NP.

5.5 OPEN ISSUE: Characterizing Closure Under
Proper Decrement

The open issue we wonld mast like to bring (o th reader’s attention i o very
natural one, et it hs lon resisted solution.In Sect. .3, we saw a necessary
condition—NP € SPP—for #P to be closed unde proper docrement, and
we also saw  sufficent condition—UP = NP—for #P to be closed under
proper dectement. Can one ind & complete characterzation”

Open Question 5.17 Proper decrement i the (unary) opertion o(n)

MO, ie, o(n) = max{n~ 1,0} Find standard complerity classes C and D
uch that

#P is closed under proper decrement i and only ifC
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J(2) = max{i € N some path of N() has § s It output).

Just s we say that proper subtraction i, smong all polymomial-tie com-
putable operstions, in some sense the “east likely* closure property of P,
can we also find a polynomiabtime operaion that s a least ikely” closure
property of, fo example, OptP? And if 0 i thre aao some compleity lase
collapse that characterizes whether OptP has al plynomialtime computable
closure propertes?

The anewe is somewhat surpising. For OptP proper subtracton again
i leant ikely" closure property. The same aso holds fo the welstudied
function class SpanP. For both OptP and Span, there s & complexity class
collaps that completely characterizes whether the cass is closed under all
polynomial-time computable operations. However, in all thtee cases—#P,
OptP, and SpanP—the characteizatons differ, otwithstanding the fact that
propes subtraction i sach case i & eset likly closure property.

Theorem 5.15  The folowing statements ar equislent

1. OptP is closed under proper subtraction.
2 OptP s closed under every poiomiak-time computabe operuton.
3 NP = coNP.

Proof Part 2 immediately imples st 1.

Wo now argue that prt 3 impliespart 2. Asume NP = coNP. Let  and g
be arbitrary OptP functions. Let Ny and N, bo NPTMsthat prove that these
are OptP functions. That s, on each Input . the maximum value output
among all paths of Ny(z) will bo /(z), and on each input 7, the maximum
Value output among all paths of Ny(z) will be (z). Let op N x N —+ N be
any polynomialtime computable operation. Defne

Ly= (=0 5@ > 9

and
L= (=) o(z) > )

Clearly, Ly € NP and L, € NP. Since NP = coNP, L7 € NP and T; € NP,
say v, respectively, NPTMs Ny and Ny

We'now describe an NPTM that, viewed as & machine defining an OptP
function, computes 0p(/(2),(z))- On input 7 our machine wil gues & com-
putation path of Ny (z) and will guess & computation path of Ny(z), and it
will fnd the output of each of thess computation paths. Let u cll those
outputs 10y and wy, respectivly. Our mackine then guesses & path g, of
Na((z, o)) and gueeses & path pa of N((, 0. The current path of aur
‘machine then outputs (1w, 1) i

(pr is s acoepting path of N ((z,w7))) A
(72 is an accepting path of N, ),
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5.6 Bibliographic Notes

The closureof #P wnder addition and multplcation, Example 5.3 and 5.4,
was known o researchers, and appeared in notes, s far back a8 the carly
1980+ (Reg5 Reg01]. A varity of other closure properties of #P were ob-
tained (so the discussion in (HO93]) by Cai et al. [CGH89] and Beigel and
Gill [BG92)

Section 52 ix due to Ogiwara and Hemachandra [OHOS), except that
the trm “witnees reduction” and the discussion of the general ‘philoso-
phy" of witaess reuction at the stat of the secion reflct the viewpoint
of Gupta (GupS5]. The text before Theorem 59 mentions in pusing that,
i additon to proper subtraction and integer ivision, other operations are
Known to be closure propertiesof #P fand only if UP PP Such operations
include rious operations having to do with the span and plaraly tests on
sos of functions, and can be found in Ogiwara and Homachandra [OHO3),

Scction 53 i due o Ogiwra and Hemachandra [OHOJ], except. that
part 1 of Theorem 5.11 s due to Torén (see [OHS). Also, part 2 of
Theorem 5.11 here extonds the following result of Ogiwara and Hemachan-
ra [OHO3]: If oNP . UP, then #P s closed under proper decrement. To
ane the relationship between tha resul and past 2 of Theorem 5.1, note
hat NP C UP == UP = coUP = NP = coNP. Thus coNP € UP —
UP = NP. However, the convers i not know to hold.

Part 1 of Theorem 5,11 shows that if #P is closed under proper docremen,
then NP C SPP. We note here . diflerent conclusion that also ollows from
the samo hypotheris, and in doing 20 we will ntroduce & new, fleible luss
for dealing with moduk-based computation. For cach k > 2, define the clas
FTMP (“inely tuned mod k") to be the collction of all L satisfying: For
every polynomial-time computable fonction £ 3* + 0,1,k ~ 1), there
e an NPTM N such that, for each z,

1if2 ¢ L then N(z) has 1o accepting paths, and
28 2 € L then the number of accepting paths is congruent, mod &, to
1)

s not hard to see chat, for ench k > 2, FIMGP C ModZuP, where the
ModZuP are the “ModZ" classcs defined by Beigel [Beioib]. Wo can now
state the additional claim that holdsregarding propes docrement.

Theorem 5.18 If #P is closed nder proper decrement then, for cach k >
2, it holds that NP € FTM,P.

The proof i simple. Given an NP language L, consder the machine that
computes it That defines o #P functon 9. Since by ssumption #P i closed
under proper decrement, cach of the following k functions is a P function:
Eo(x)50, kg(2) O1, .. Ko=) © (& —1). Now ot tha, or each polynomial-
time function £ < 5%+ (0,1, k — 1}, there thus will be & 4P function
that on each input  evaluates /(2),sees what it s congruent t0 modulo k,
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euch that i can be “appreximated with high probaily” by a ncton that
e ceran probabilaic vrsionaf 477 n i st Gupta Includes
inating sy ning whetber unctions i b st propeeties 1 the
fac ha they educethe number of witeses (this shokd be contrsted with
the e work of Hemaspaanden, Oglhac, and Weehsung on the reducion
ofnumbers o ctions (HOW00] an o Durand, Hermann, and Kol on
h reduction of numbersofwitnsss [DHKO0). I this bk, the nlation
Tuchnique chapt i s bout witessrduction, and Gpta inks th work
underlying that hapter with the thory of losure roperte. In additon,
Gupta iteoduce, ndependently of Fenner, Fortow, ad Kurts [FFKO],
e cass GapP. Fenne, Fortnow,and Kot studiod some closurs properties
tha GapP possscs, and Gupta ((Gupt5,Gupd2], se also [Bei7] regcing
oneargument propertie of GapP tht il n some reatviaed word) bt
analogouly to Seck. 5.3,  rch complxiy thery for thos properties that
GapP seem ot 1o posces. Beyond that, h s bl » sl and cohe-
sive complenty theory Lr the chs f oncions tht re qotints of GapP
nctons (Gupds Gz,

"o another altruniv spprosch to clore propertie involves asing
whethe . clas i “almost” closed under an apeeaion, in th sense that
fome amount of extra pre- of pest-proceing brings the operation within
e reach ofthe clse. This spprasch hae been ivestigaced by Opihars et
o [OTTWoB, and there i, th consequncesof the cltion Techniqse
{Ghap. ) play'an mportant e

Riducion ot of the cardnaly of accepting pachs bt raher of the
cardinalty ofthe scceptane type of NPMY functons s been stcied by
Hemaspaandra, Ogihar, and Wechsung [HOWOD, Thee reuls contrst
sharply wih the et of this chaptr, s they sho that in that secing
adinality rduction i posible i many cass n act, Hemspaandes, Ogc
e, s Wochoung [FHOWOD give » sliciens condition forsuchcarinaiey
reducion. They s shew that for many cass ot meetng the sficen con.
iton cadinaty reduction i o possie les the plynomial hraschy
collpies to 5, and Koeu [Kos0] has show tha for ench fie-crdinaity
ype s not ecting the suffcient conditon thee i at et ono reltvized
wrld in which cardimalty reducion fo that cae i not possbl

Finally, throvghout this chaptr, we have discused and haracteized
Wheher lases (4P, OpLP,and SpanP) st closed wndr al polynomi time
computable peratons. However, o ech of thes thre function e . it
i rensonable o ok whetherC i osed underall . computable opeations. n
fact, Ogivacs and Hemachandra [OHO3) hav shown tht, fr oach of thiso
e closse, it holds that C i closed undor sl polomialtime computable
opertions i and only i C i close snde l C-omputale aperations
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and.then simulates the machine whose number of accepting paths define
the approprine one of the k functions mentioned above. So  indeed is in
FIMLP.

Section 5.4 is due to Ogiwara and Homachandra [OHOY]. For SpanP
and OptP, Ogiwara and Hemachandra in fact prove that a variety of ther
operations —including proper division, spans, and, in the case of SpanP,
pluralites—are also et likely” polynomial-time computable closue prop-
erties

Rogasding Sect. 5.5, we mention that for the case of intger division by
o (rather than proper subtraction by one), and even some more genersl
division patterns, Gupta [Gupo2] has obtained  complee characterization,
i terms of complxity class collapses, egarding whether GapP has such &
closure property. However, for #P the st remains open.

“Though this chapte i concerned, exceptin pars of Sect. 5.3, with oper-
ations that operate on two arguments, one can lso tudy operations on one
argument. For this case, Cai et al. ([CGHY 8], se the discussion n [HOSS])
showed tha #P is closd under any nite sum ofmliples of binomial cocfi
cients whose upper lement i the nput and whose lows clement is s constant,
nd Herteampt, Vollmer, and Wagner (HVWOS], see also [Beigt) showed
that every one-rgument operation other than those fail, i at least one rl-
ativized world, to be  closre property of rlatvized #P. They also achieve
 similar chazactrizaion for mult-argument operations. This approach—
scking which operations fal in at least one relativiaed world to be closure
properties—difers from both the approaches (namely,characteizng closures
in terms of complexity clasa collapse, and lnking the relatve Likclibood of
closue properties) pursued in Sect. 52 In some sense, it ive » somewhat
less reine resolution than the approach of Sect. 5.2 For example, consder
an operator under which #P s closed if and only if UP = PP (equivalenty,
UP = coUP = PP) and consider anotheraperator undes which #/Pisclosed if
and only if UP = colIP. Having such characterzations gives perhaps greater
sight into the relative kelihood that #P has theseclosure propertics than
doss merely knowing that for each of the two operations there is some el
tivised workd in which #P is ot closed under the operation. On the other
hand, btaining “ifand only f” characterizationsinkin the collapses of com-
Plexiy casses to whether #P has  given operation is relatvely difical, and
o such complete characterizations have ot becn abtained for many natursl
operaions, e, those discussed in Sect. 5.3 though, even in those cases,
the partial resuls that see known aze suffcent o yield,vin standard oracle
el the fat that there azerelatvized wrlds n which the operations are
ot closure propertis of #P.

Gupta ([Gups, see also (Gupo2]) has suggested o very ineresting al-
termate approach t closure propertics Given that it secms unlikely that
'UP = P, and thus unlikely that #P is clos under proper subtraction, he
frames  diffrent question: I the proper subtracton of two #P functions
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operaions to 1-ary operations—et usexplicitly define thes aperations. The
st owo parts are Just an application of Defnition 5.2 o the particular two
argoment operators.

Defnition 5.10

1. We say that #P s closed under minimam §, for each f, € #P, the
function h(z) = mind (). o(x)) s in #P.

2. We say that #P is closed under maximum ¥ Jor cach £,9 € #P, the
function h(z) = max(f(z), () is in #P.

3. We say that #P is closed under proper dectement i, for cach { € #P,

4. We'say that #P isclosd under integer divison by two i for ach | €
#P, the function h(z) = |{(2)/2] is in #P.

Regarding closute under proper decrement, the fllowing partal reults
are the best known. The two part of the theorem do not match perfecly,
et they are ot too far aparts SPP is the “gap analog” of UP.

Theorem 5.11

1. 4P is closed nder proper decrement, then coNP C SPP (equivalentl,
NP C SPP).
2 IfUP = NP, then #P is closed under proper decrement.

Proof We will st prove part 1, Assume that #P s closed under proper
decement. Let I be an asitrary NP langusge. Let N be an NPTM for L,
nd It/ b the #P fonction defined by the cardimality of N's cceptiog
pathe. Since #P is closed e proper decemen, 9(2) = /(2) 0 1 i
P function. So ther is an NPTM, N, and & polynorsial, 5, such that
on each input 7 it hods that N'(z) has exaciy 27D paths, and exactly
() of those are ccepting pah. It fllaws, by reversing the sccepting an
reecting path behavio of each path of N, that the function 2101 —(z) i
s #P funcion. Since #P i losed under addition, i ollowa that the function
3(e) (270D () i 4P foncton. Howeve, o thisfunction equal 220D
i (2) = 0 and equala 2% 41 otherwis, the NPTM whose ccepting path
cardinalites dein this P funcion i tself machine showing hat I, € SPP.
Thus NP C SPP. Since SPP = caSPP, NP C SPP and coNP C SPP are
cquivalent statements.

"Wo turn to part 2 of the theorem. Assume that UP = NP. Let f be
an arbitrary #P functon. Let N be an NPTM such that /(z) expresss
the number of accepting paths of N on input 7. Let B be the set of all
trings (z,9) such that s an acepting path of N(z) and there xits an
acceping path of N(z) that i lexicographicaly lasger than . B € NP, s0
since UP = NP by sumption, B in in UP. Lt N' be n NPTM acceping
B such tha on cach input. 7 ¢ olds that N'(z) has st mos one accepting
compatation path. W descibe an NPTM, N, such that on each nput 2
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2. on each input 7, 2 € L if and only if N(z) has t least 2"~ accepting
paths, and
3. on each input 7, N(z) has t last one rejcting pach.

The number of acceptin paths of N defines  #P function, call it f(z).
‘Consider the function g(x) = 2", which cleaely is o #P function. So,
by our hypothess, the function h defined by h(z) = /() @ o(z) must also
be 2 #P function. Note that i 2 L then h(x) = 1, and i 2 ¢ L then
h(z) = 0. Thus, the nondetermiristic machine corresponding to i tslf »
UP machine for L. So L is in UP. a

Finally, note that we have in fact proven more in this secton than was
explicily claimed. In particular, note that in the proof of Theorem 59, the
function that we divided by, g(z) = 2"1, though certainly a #P function,
i alao . polynomial time computable function. Thus, the proo actually es.
tablshes that #P isclosed under integer division (.., f { and g ave in #P
and g is sticly postive then /(x) © 9(z) s in #P) if and only if #P is
closed under integer divison by naturalvalued polynomiah-time computable
functions (1., i/ is a #P function and g is a polynomial-time computabie
function whose output is always a natural number greater than zeo, then
J(2) @ 0(2) is in #P), and both these conditions axe themselves equivalent
0 UP = PP. Similarl, it aso holds that #P isclosed under proper subtrac-
tion i and only if #P s closed under proper subtraction by naturalvalued
polynomia-time computable functions, and both these conditions are them-
slves squivalent o UP = PP.

5.3 Intermediate Potential Closure Properties

In the previous section, we saw that some operatons, such as addiion, are
closure propertie of #5. We lsosaw that if #P i closed et cither proper
subtraction o iteger diision, then #P is closed under al polymomiak-ime
computable operations and UP = PP.

In this section, we study a diffrent collcton of operations—operations.
that #P is not known to posses, but that also aze not known to have the
property that #P is closed under them i and only if #P i closed under all
polynomialtime operations. Thus, for these operations, it remains posible
that #P is closed under them, yet s ot closed under proper subtraction
Again returning to the snalogy with NP-completenes theory, these opera-
tons e in some sense analogous to potentially “ntermediate” sets—sets,
uch s the st o all primes, tht aeein NP yat are neither known o be NP-
complee nor known to be in P. Ameng the closure propertiesthat, s far
as i currently known, fl ino this strange itetmediate territory, ae taking
minimum, taking masimur, propet docrement, an integor civasion by two.
To be rigorous—both about what we mean by these operaions and because
the later two of these operations stetch our notion of operation rom 2-ary
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‘Theorem 5.13

5. If #P is closed under minimum then NP = UP.
I #P i closed under mazimum or under minimum then, P = SPP.

Proof We frst prove part 1. Let L be any NP language, fx an NPTM
aceepting L, and It/ be the #P functon defined by the machine’s num-
ber of accepting paths. Assume that #P is cosed under minimmum. Then
min{/(z), 1) i a #P function, but the NPTM wich this number of accepting
paths on each nput = in fact s 3 machine proving that L € UP.

We now prove part 2. Following the alternate defiaition in Sect. A.12, a
Ianguage L is n C.BPIf there exiats & polynomial 4 and & polyomial-ime
predicate R such that,for exch 2,

zel < |1y lvl = all=) A Rz} = 200"

Note that for strings 7 that do not belong to L, all his says is that
number of strigs y of length g((1) for which Rz, holds is not 2917
Howwver, those numbers could be cithe greate than or lessthan 29001
indeed, perhape greater than 29021 on tome inputs and less than 2907)-1
on other npute. This makes it hard 1o xploit maximization o misimization
0 get eful conclusons. What we frst necd i e characterization of C..P
i which al ejection earcinalitiesfll “on the same side” of the acceptance
cardinality. We state this in the following lerma. This lemma is omewhat
rlated to some proposiions in Chap. 9. In particular, Propasition 8.7 and
(vie & “multiplying  GapP fonction by negative one” tweak) Proposiion 9.5
caa alternatively bo seen as ollowing from the lemma.

Lomma 5.14 A language L isin C.P if and only i there exists a poyno-
mial and o polymomial time predicate § such tht, for cach £,

1€ L then 1y o] = (=) A Sz, )] = 27002, and

2z €L thenlify| I = rizl) A SCa )} < 27002

Proof of Lemma 5,14 Recal that  angusg L i in C.P cxcly it
g s ptynonia 4  plynoris e el R it o
cadn € L oo s = e A R = 20 Lk L e an
ey G0 angune, g 4nd R iy b dehton s e, Lk
70 = 250, Lok (0,5 b the prdia hat acephs el

(@, wn ] = hoal = =) 0 = ) A R(z, 1) A Rz, wa),

where " donotes coneatenation of strings. Let f(z) dencte [y ) =
ll)» Rte ) hemumber f v e () o whichS(.5)
accepta s cxactly

h) = Ja)(@ D — ()
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the number of accepting paths of N'(x) is f(z) & 1. On any nput z, N"
nondeterminitically guesis a computation path  of N(z) s then on its
curtent path simulates N'((z,)). So, all N(z)'s accepting paths except the
exicographically largest one will contribute ane of the accepting paths of
N7(z), and the lexicographically lagest acepting path of N(z) wil generate
2et0 adceping paths, Thus, we indoed have properdecremented /. O

Regarding closur of # underincegor divison by Ewo, it s known o have
soemingly unlikely consequences, but no “f and only " chacactrizaton is
o,

Theorem 5.12 If #P is closed snder integer division by two, then &P =
SPP (and thus PH C PP).

ProofThis proof s smilar in spiit o part 1 of Theorem 5.11. Assume
that #P is cloted under integor divison by two. Lat L be an aebitrary 6P
langusge. Let N be an NPTM and p be a polynomial such that () on sach
input 7 it holds that N(z) has exactly 2471 computation paths, and (i) on
each input 7 it holds that N(z) has an odd mumber of accapting paths.
and only f 2 € L. Let f be the #P fonction defined by the cardinalty of
N'sacceping paths. Snce #P i by asoumption closed under integer division
by two, and is unconditionaly closed under multipication multplication by
fixed constants,

o= =2/ 02

s 0 #P function.
“Alto, the number of rjecting paths of N(2), namely, £(2) = 2% (),
s clearly o #P funcion. Sinco P i closed under addition, we have that

@D — @) + 2f() 07)

#P functon. Howeve, (2) +9(z) equals 24 i (z) s even and equals
0 1if 1(2) is odd. So the NPTM whose accepting path cardinaiies
define this P functon is it a machine showing that L € coSPP. Thus
©P C coSPP. Since SPP — coSPP, we conclude that @ C SPP. Thus, snce
SPP C 6P holds unconditionaly, &P = SPP.

So it #P is closed under integer divison by wo, then GP = SPP. Note
that Corolary .11 certainly implies that PH € PP So if 4P is closed
under integer divison by two, then PH C PPV However, PPPF = PP
(see Fig. A.20), 30 PH C PP. a

Regarding clovure of #P by minimum or maximum, 1o “f snd only if"
Characterization is known, though some necesary conditions are known. Of
course, ince both minimum and maimum are polymomiaktime computable

operations, it goes without saying, via Theorem 5.6, that UP = PP is
Suffcint condition

160 +ol)
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Th rowin ke 2 npot v negers 1 > 2 and €5 1 and otpots

n 0, M~ 1) wnder wniorm dtribution wih & sampling et sour

i brobabiliy Lo than o e 12

Lt e e sl ntegr such that 2 2 M. Repent the fellowing ot st 1

(9 Use £ i coin s to sl g Y b 0 and 2 1.10Y < M,
e i the oo ad re Y-

1 o of th s are succeol, then acccpt =

Deine the polynomial m by m() = r(n)2p(n) + 2(s(n) + 1) +3. The
protocol use the following sampling algorithm that, on input M and £, out-
s an nteger between 0 and M — 1 uniformly st random, where » sompling
eror accura with probability less than o equal to 21 (tho equality holds If
S only if M i  power of ).

1 ot hard to see that the sampling algorthi works as desiced. The.
umber £ satifos 21 < M < 2. So,n a singl execution of the loop bods.
the probabiliy that the mumber Y is greste than or equal to M is 0 if A
s o power o two and los than § otherwise. Since at most £ rounds will be
exectted to find an approprise ¥, the crror probubilty i precisely 0 if M
. power of o and eesthan 2" otherwise. For each exscution of the loop
boiy, s for ench £, 0 < § < M —1,the chances that theselection Y is qual
Lo preciely 2-C_ So, the resuing disribution is niform.

We'can susume that the prover has » binary encoding of an nteger @ €
[2msD,23n20] whih i supposedly o pime number and a cetficat of it
primality that can be veified in polynomil time. This assumption is valid
By the Prime Number Theorem (Theorem 6.5), such  prime exists and the
fllowing theorem, which we sate withott 4 proof, shows that very prime
s polynomial-tme verifiablo certificte having polynomial legth.

Theorem 6.16 The set of all prime numbers uritten in binary belongs
toNP.

Now we are ready to present the protocol in Fig 6.5

We claim that this protocal witneses that L € IP. By definiton m, 7,
a0 s are all polynomial. S, the entire computation requires plynomially
many stepe. The prababilty that the smpling lgorthm fals is e than
2770 sinco the parameter  a set to m(jz). The tota number of samples
enerated i () (s1)+1).Since ) = r(jz) 2p(zl)+2)(s((z) +1) +3,
the probabiliy that a smpling eror oceues during the exacution of theentire
protocol, egardless of whether 2 € L or ok, i less than 3

Claim 8.7 The protoca i complete.
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and for each & € {1, . r(eD), £ € (0,0 sz}, a8 € 207D, and
7= (e ) €2 define

Ghiesd= ¥ %
ko s
Rucaon (ny oo v meeten, = eagap))
Rualln - vmiess “eaien): B)-

Then, by Propostion 613, we have the follwing result.

Proposition 6.14

L Btk e (b ooz, L (1 a(z]), 008 € 2900, and y €
2570 Gl 1,0,6,51() i @ olomial n  of degre ot mostZp(zl) 42

2 Forallke {1, i), L€ (0, .. .s(a) ~ 1), @,8 & 2D, and
362, Gkl 0,67 = Glkod+ 1,0, 6,510 + Gl&.1 1 1,0, 8,3]().

5 Forali k€ (1, rls), L€ L. os(zh), a8 € 240, y =
(oo me) € 20, and 3 € 2, Gl 8,7] = Glko 8. 700m)s
where )

4 Porallke (1" r(z)) anda, €24, Gk0,0,0,d = Ru(oy),
uhere ¢ denotes the empy strin.

5 Forevery ke (1. r(e)) and .6, € 22050, Gk, (1) 0,,7) =
Ruci(ey DRt (5).

For each k, 1< k< r(el), and a, 8,7 € 2400, defne
ke, B,9](6) = Reca(0 = @y + 0, (9= 1)y +)
Hore (3~ )y + s shorthand for

(n =)yt s (e = )9 + o)
and (8= 7)y-+ v is shorthand for
(B =10+ 3, Bt = T+ ).

where for ench i, 1< i < (e, oy, G and 7, aee respectvely the ith
component o a, the ith component af 5, and the ith component of . Then
e ave the folowing resur

Proposition 615 For all k¢ (1 .. r(l)), and o, 5, € 220D,

1. H[ky,.(v) is @ polynomialin y o degre at mostplz]) +2,
2 Hik.o,89](0) = Ruca(a,7), and
3. HikoyB3](1) = Riy(,6).
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a8 € @)D, 5 = (n.....7) € (Za)' wad all polynomils 4(s) €
2y of degres ot most 202 + 2, i vas £ G'kiL B, (mod @) and
w1 = 90) +90) _(m0d @), then o0) # Glki,,Ai2I) (mod @), and
i, by Lemm. 6.2, chere are at most (1) + 2 valos of 1 such that
s = Gl anfy] (mod Q), where 7 ). This implics
it for ol K € (1, (D), € (0, .o a(=) ~ 1}, asf € (Za)D,
7= (ny...om) € (Za). and ol plymomials oy) € Zol] of degres
at most B((z) + 2, f 91 # Glk,Lf ] (mod Q) snd g passes the
part (i) of Step 2(0), then, or 1.1 chosen uniformly i rendom in Za,
with probabilty o most GlkLas,y] (mod Q), where
7= )

thermore, by Proposiion 6.15, for all € € {1, ..., r(z)), 0,6, €
(214D, snd all polynoials h € Zoly] of degre st most =) + 1, if
haey # Gk () 0, 5] (mod @) and vy = HOJRC)  (1od Q)
then A # Hk,0,8,7], This, or all k€ (1, ... 7(=)}, 00,7 € (Za) 7D,
and all polynomiala € Zas] o degre st most p2) + 1, if ke #
Glkys(z) ) (mod ) and h pases the test i Step 2(0), then, o
chosen uniformly t andom in Z, withprobabiity at most K2 v,
Gk - 1,00, (mod Q), where = (-~ a)p-+amod @ snd 4 =
(3= )p'+7mod Q.

Finaly, 1 % G0,0,a,6,e(mod Q), then th verifr dtermisist-
clly refets = a Seep 3.

By the above observatious, the probabilty that the verfer accepts = s at.
most CEDZECIDN Since () = () 2p(n) + () +1) +3 and
Q> 2704, this i at most 3. Ths, the probabity that the veifer ccepts
ia t most § + | = §. Hence,the protocol i sound

Q Cuimels
QO Lenma6i1l

6.4 MIP = NEXP

In this soction we study the powe of maltiprove intractive proof systems.
‘We sipulac that the provers here do not talk smong themselves; otherwise,
e prover could simulate all theother provers, and thus, the computational
povwer of the system is the same 4 that of PSPACE. Wo wil show tha there
i big Jump i the computational power when one extra prover s added to
the system. Nomely, we il show in this section that the fuo-prover nter.
acivo proof systems recogniz precisely those langusges in nondeterministic
exponential time. We also show that with mre than two provers the verfer
can recognize all languagesin nondeterminisic exponental time.

Theorem 6.19 MIP  NEXP.
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Step 1_Ovtain from the _prover 3 _prime_mariber @ In the er]|
e 2 g e it o 1 il St s = 1
= G and

Step'3 epet o i o
(4) Repeat the fllowing fo £ = 1,

) Tes whther 1)
ey ejoct . Otherwise, procod t the part (i

() Randoriy smple & mumber 3 € Zo b5
Alscrithm in e, 4 wih 3= Q and ¢ = mle). Sek wet =
someid

) Ly oy Obtan from the oracl a polynamial h € Zql) o
egrae o st 51+ 1, which the race e k2,29 o
Qe kb v = WO (it @) 1 te st fus,
iy et .

(€ Ramdomlysample o b 1  Zo b runing theSamling Aerihm
nFig 84 with M ) Set -1~ hs) mod Q. Set o
e ot amod Gt e 3 Dty Q.

o 3 Tst whether wo = Ra(a, ) (mod Q). I the et scconds, ccep .

otherwie, et .

T,

Ineractive prtoco for PSPACE

Proof of Claim 617 Supose that z € L Then ugupo =
G210, Coe, Gy, ) = 1. By Proposition 6.14,forall k {1, . (1)),
e o,....all) = 1), 0.8 € 10D, and 1'= (..., 1) € (Za)h if
s = Gk, 5.3] (mod Q). the prover can provido 4 polynomial g €
Zgly] suchthat e = 90) +9(1) (mod Q) and such tht,for all v € Za,
S0ne1) = Tk 1,0,8,7] (mod Q). where )

Furhermore, by Proposiion .15, forall k€ {1, ...r(1)
(@, it sy # G, (13,8, 2] (mod Q), then the provr can
provide  polyionial h € Zalu] such that thap = AOVAC) (mod Q)
and such v, for ll 1 € Zg. h() = Gk~ 1,0,0,] (mod Q). where

{'= (v~ a)r +amod Q and ' = (8- 2)r +7med Q.

By the shove observation, thae is & prover P such that the vrifer
accnpts  with probabilty one through iteroctions with P assumin that
sampling ertr never occurs. Since the verfr accepts when a sampling error
occurs, the probaliliy that the veifer accepts through ineractions with P
1. Thus, the protocel is complete. Q" Claim 617

Claim 6.18 The protocol is sound

Proof of Claim 618 Suppose that 2 ¢ L. Then G'r(z),0,Cos
Cind = Rea(Cons Crin) = 0. 80, (a0 # G'r(1z),0,Cints Cpim ]
By Proposiion 6.4, for il k € {1, .. i), 4 € (0, »
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Step 1V eaccutes te ollowing 1p(]) e
) ¥ simulaes ¥ on inut £ o 7 s the orace
(5] V call the Sampling Algoithm (n Pl 6.4) with M = () and t =
) and- v 1o st ona ery . that s made durig this round
S simiation and sk 3 1 Py
Step 2 V'ikiepi = i for sl £ 1< 1 < 10p(), th amswer of P, o, s cqual
B hat of Py and the rmber o sulationt of N om it = Ut accopied
o et 5. Otharwis,V reects .

Fig. 6.8 The two-prover proocol

protocol. We may assume that there is » polynomial p such that, for every
2 € T, N on lnput = always makes exactly pz]) queries, Wo may also
sssum that the oracl provides singlebit answers. Lat V be o verifir with
o provers, Py and i, that, on Inpu 2, executes the algorithm in Fig. 6.6
6.4.1.1 Comploteness of the Protocol. We caim that this s a complete
v prove Intractive proof system for L. Obviouwsly, V is polynomial e
ounded. We need toshow that the protocol s complte. and sound. We irst
show that the protocol i complete. Lt be any member of L. The fllowing
e, called Chobyshev's Inequaliy, which we state without proof is well
Known nd usefl for our analyis.

Lomma 6.22 (Chobyshev's Inoquality) Let X be a random variable
with expectation o and variance 0. Then for ail§ >0

P -olza<

Sinco 2 € L, there cxists an oracle H relative o which N on fnput =
acceptswith probabilty p > 3. Suppose that both Py and P provide anewers
e i they wore H. Then the consistency tess between P and Py ol succed.
So, the probabilty that V accepts s aqual 1o the probabilsy that more
han hlf of he simulatons in Sep 1 accept. Since the coin fips of e
independent, the expectation @ of th numbet of acceptng computatons that
V finds s p(105) > 32 and the varisnce o of this mumber i (1 - p)(109) <
132 wher p s shorthand fo (). Then, by Lemm 6.2), th probabilty
hat the mumber of ceepting path s ks than o equl o 9 i lss than o

o
R
e

This quantcyis e than s < } or p(n) > 2. As wecan make thepolynomial
p arbitrarly laege, the probablliy of scceptance i greater than § for .
Hence, the protocal is complte

Fo-al
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6.4.1 Probabilistic Oracle Protocols and MIP C NEXP

In arder to prove Theotem 619 we introduce the concept of probabilsic
oracle protocols.

Defiition 6:20 4 language L hs o probabltc cxacle protocol i thee
esets  probablistic polynomialtme.boundedoracle Tuing machine M ch
e, fo evry € 5, the following condtionshld
1. (Completeness) If & L, ten there existssome orale H such hat
M an'input  relative Lo H acepts with robobilty geter than 1.
2 (Soundness) 1/ ¢ L, ten for evey orce H M on inpt = rltive
o H acepts ithprobally ss than

The diffrence between the above definiton and Defsiton 6.1is that here
only one prover i nvolved and the unique prover behaves a3 an oacle.

Thoorem 621 For every language L, L is in MIP if and only f L has &
probabilistic orace protocol.

Proof For the ‘only-If" pat,suppose that L i a langusge in MIP. Take »
verfer V witnesing L € MIP. Le £ > 1 be the number of provers that V-
communicates with. Without los of gonerait, we may sssume that provers
provide sigle bt answers. By following an argument sl to the ono we
i the proofof Lerma 6,10 on page 123, we can asure that these provers
are deterministic

We mosifythe queriesof V. Let 2 be an it o the system. Suppese that
V i about o make a query,say y. Lat i, 1 <1 < &, and J > 1 besuch that the
Query y that V"1 about to make i 0. query o P, and V on input 2 has made
31 queriesto P o far. Then we replace this quey by (z, 15,3, W), where 2
T the input to the system and W isthe hisory of communication bitween V-
and P, More precsely, W = s #bySyn S - Sy,-1#8,-1, where for each
£1 S €< 51,y s the fourth component (the y part)of the h query of V-
0 P, and b is the answr that P, provide o that query. This moification
males the queies of V. unique, in the sense that no queries are made twice.
This modifieation does not <hange the probabiity of aceeptance since the
additional four pleces of nformation, e, %, 1, and W, ae alredy known
o the prover.

s the provers are doterministi and the queies are unique, we can turn
¥ into an oracle Touing machine N by replacing the provers with a single
oracle. Then for every = € £, the arget probubilty that N on nput
‘ceepts with any oracle i equal to the lagest probabilty that V' on input 2
aceepts with any st of k provers. So, the two conditons in Defiition 6.0
hold. Thus, £ has a probabilsti oracl protocol. This proves the ‘only-ir”
past

For the " part, suppose thatthere i » polynomial tme-bounded prob-
abilstic oracle Turing machine N witacssin that L has » probabilstic racle
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6412 Soundness of the Protocol Next w prov that th prooce s
Soun. Lt 2 be sn abitrry member of T Lt 1 = o] anid 7 - 1p(). Wo
et show that, o every i of provess (Py 2), the probabiy that V
S input 2 ccepts Crough eraction with i an P i strcly s than
" The number of times that the sampling algorithm is executed is 10p(1z)
“The probabily that the sampling lgorith s s s than 2-1). S, the
probubily tht.» sampling <ttt oceusdaring the exacution of the pife
protocol i 242 This st most o pln) > 0

‘We claim that a pair of deterministic provers (P, Py) can achieve the
ighest acceptance probabity - T see why, ots that we can sesume tht
i gonof (Pr 3 s to masimize the accptanceprobabily of - o input
= hovgh itaracons with thrs, Alo, ot thet  addiional cole of Py
is cortctly to guess the answer that P, provided. Upon receving  query,
P an we it ulimited computaional power o cxeulte the probablky
Gha P, provided 2.0 s snawer. Then Py can masimie the probabilty
Ly answering with .0 fthe calelated probabily s grster tha or cqual
o § and with 8 1 othervis. S, the stategy of Fj can bo deerminisi
On'the other hand, suppos tha the vy 1 qury of o nput 7
iven to P, Havingunlmited computationa power snd knowing the protacs]
o Pu P can calelate the probabilty of accstance o ¥ on input 2 In
Ch chse when . answes it 0 and the probabiy o scceptancs of V
on lopu 3 when i e with a 1. Call ths probabllie, 2 and 1,
Tepectively. T masimizetheacceptance probablty o V on iput 2, i
Getrmiitcally et e snewer s follows: anwer with + 01 o > 0, and
ith otherwise. Ths, P, ca anawes the very st query determinisicaly
ithout decresing. the probabiley of aceeptanc f V. Dy repeating this
argument for the penulimate query, we can ague that P, can answer that
uery determiioialy ithout dectensing he aceptance probabity of V.
By copeting this argument over nd ove agan, o con argue that P, cu
answer very query determiisticall, without making it e lkely that V
il oo

Sinc P, i deteminsticand V makes oy ons ey t Py at.each round,
o very £, 1% 4 m, the Fantion of y . round § can b viewsd s hat
of an racle. Wo can ssume tht at th beginning of ach round, P, decidos
its strategy for that round. This selection determines the probability that Py
provide an anewer chat i diftset fom that which P, would provide. S
the overall trtegy of Py can b parameterise ing m rel umbers n the
interval (0,1) For each s (o, -« o) € 0,1 we 35 that P, takes s
atrneny o all §, 1 £ <, the sistegy of P n round s t provide
o snwer difernt o what 7, wod providewith probabiley . Wo will
o o that there exists s 7 > 0 s hat, o ol > i, i ox
ol € 0,1, the probabilty that ¥ sccepts i th case when Py aken
on cestrtegy s sl e than |
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Proof Let L € MIP. By Theorer 621, there s  polymormial ime-bounded
probabilistc orscle Turing machine M satisfying the compleness nd the
Soundness conditions in Defition 6.20. Then, for every = € 5, 7 € L
n orace. relative to which M on input 7 sccepts
ey grester than 3. Let p be » polynomial bounding.
the runtime of M. Then for every = & 5 the queries of M on fnput
are of length at most p(). Then, for every z € 5, = € L if and only if
here s some B € (5°)<7(%) such that M on = reative to B sccepts with
probabily grater than §. Without oes of generality, we may sssume that
st cach computational step, M has at most two possible moves and that ll
possible moves that M can make are inesrly ordered. Define N to be the
Hondetesministic Turing machine that, on input 7, sxecutes the folloving:

@ For each y € E* having length at most p(|z|) N guesses a bit b(y). N sets
B to the set of all strings y € £* having length st most p(jz]) such that
i) =1
« N s count 5 to 0. Then, or ench 10 € BP0, ¥ doe th Gllwing:
= N dteeministcally simultes M o input  withcrale 5 along path 1
a8 follows: For each i, 1 <1 < p(z), f there are two possible moves that
M on nput  with orale B can make st sap i th curret simulation,
the N picks the o vith th lowr srde I,  an the on wich
he bigher onder I = 1, here s the th symbolof .

= 1630 o nput 2 witharocl B accpts alang pth u,thn N ncrements
Syt

« N acoupts 2 16 /2571 > § and reets othervise.

1 ey o s that fo every x € T, N on nput = aceepts if s cnly if.

Chre i omo B C (<D suc that M on 2 elativ t B accpts ith

probabity grate than 3. So, N docids L. The runtime of N i 290 for

Some consant > 0. This, L € NEXP. a

6.4.2 NEXP C MIP
The rest of the section proves the other incluson:
Theorem 6.24 NEXP C MIP.

Lt L be o language in NEXP and L Ny be » onetape NEXP machine.
that decides L. By Theorem 621, we have only to show that there i &
probabilstc pelynomial time-bounded oracle Turing machine M witnessing
that I has  probabilsic orace protocel. Our proof i in thee phases:
Phase 1 conversion of the membership question n L into  logiea expres-
Phase 3 conversion ofth logical expresson nto a arthmetic expresion;
nd
Phase 3 development of an interactive oracl protocsl for veriying the
Value o the arithmetic xpression.
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Let o, o € (0,17, Assume that Py taes an ostrsegy. Snce
2§ I, for overy ovcle G, the probably that ¥ acopts = wih Q s the
araclislss than . This, for evory i 1 < < m, the probabilty that
e silaion of ' on npit  in sound § through nteractions with Py s
accepting I sty e thn
1 1
mnfubvo} <o

Thus,the oxpected mumber of acceptng simulaions that ar generated s
s than 2+ Sy, . Als, the variance of the number of scepting
simulations that ars generstd i s than 5y, (] + )3 20) < 7 +
5 Now e i e h o (1), e oy s
V aceepus 2 ot most §. o prove the claim, frs suppose that 1. 1 <
5. Then, by Chebyshev’s Inequaly (Lo 6.22), the probabiiy that the
b of acoopting smulations that ae genersted 1 at st i s than

3+ e me

G-z-@ "7
Thi i o ha ) 6081, T, tho prbablty ths ¥ cpt 2
hen ter b 2y g o s s o .

Next suppose that T,c,cpm 0 > - ’l'hzn, under the assumption (*),
he ot e of ot o S 7 B it P g ok
one 1 55 il b vaians of the manbe 1 e th 55 Th,
o Chrysher Tnqualty (Lemina .2, the probabilty s thte sz 10
more than § = 2p(a]) simulation rounds in which P, disagrees with s 1s

o tan
B ww
- m Bl
This s e than 4 for i) 2 5761, Frhermor, i ther e () i
tion rounds s Shich 7 sares it P e th protabilty ht the
egremens s v dstoered s 1 ot

(i)™

“This i e than i for ) > 5761, Thu,fr all n suficiendy o, the
probabity that ' accepts 7 when thre i o samplng et s e than |
Since samplingexor makes V ccep and ocurswit probbily e th
. the probabilty that V acepts 1 e than . Hee,the protocl s
Sound. Thisproves th theorem. Q" Thworom 121

Now we turn 0 the proof of Theorem 610, We it show that every
longuage n MIP i ndeed fn NEXP.

Theorem 623 MIP € NEXP.
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(i) the changes coresponding to the transiton (4 a4), (q, ) are made
0 the variables pos, oty . sty 8h, YTz, 40 Y7, 30 o other
places o and  are equal 10 ach other;

otherwise, A@MB)p(afr) = 0. Thus, for all a8 € (010D,
N@M@)p(a,8.7) = 1 i both x and 3 aee legtimate and 7 s the con”
guration that resulis from cr in one step of D and A(a)(4)p(a, 3,7

otherwis, For each vaiabl y that s present. n A, the dgree of y n X i
¢ st () iy s & pos vasiable, a most M if it i . st variabe, and
2 most N if i s & sy varible, On the other hand, the degee of each
variable in i at most 1. S0, the degee of each varible in R is a most
max{p(l), M N} 1. Sine for very n 2 , p(n) > max{M, V), thedogree
ofeach vaiabl n Ro s a¢ mostp) + 1. Th st has only polynomilly
‘many lements. Thus, th expresion for Ro can be computed n e poly.
nomial in 2], Now given @ > 2 and 0,5 € (Zg)1%D, Ro(a, ) mod @ can
be evalused in time polynomial in =+ log @, This poves th propasiton.

Q" Proposition 612
For ach k € {1, .. (=]}, define the polynomial Ru(é,0) to b

5 Res€m e Racalon 20
B ahdon

Then it i easy to see that the ollowng proposition holds.
Proposition 6.13
L For ey € 0, ), Re s et mst o) 1 ach
2 Forall k,0 < k < r(le), and a,§ € {0,100, Ryfau) = 1 if both
 and 8 are lepitimate and 0 is reachable from a by D on input z in
Cractly 2 seps nd R, B) = 0 otheruise

Now, let g € {0,100 be the inital confguration of D on input =
and Cyyn € {0,1)20%) be the unique accepting configuration of D on any
input of length || Then

2L = Reup(Cont O

We dovslop an inteactive protocol for verifing that Ry (Con Crin)
1. To explain the protocol we need to define some notation. For each k €
DL€ 0 D), 008 € 207D,y = () €

I
2

Glkbagal) = 3
i easielon
Beca(on e theton o))
Recallon e et seaga) B
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So,if 8 < Q. then there s ot lesst one £ € {0, .., Q1) such tht for ol
ik 1£3 < 'S 6 0,(7) 4 u(r) (mod Q) This, for ll i, 1 1< n—1,
vl .o deind o long o the e  of candidate hat # eneraes
sl 02 < Q.

T describe how F works we need to intodics # new function h. The
omain of h, domain(h), i te et of ol squce matice N such dha ench
ey of N i  plynonia beloging 1o X having degee a most dim(N).
For ll N € domain(h) perm(N) is  polynomial beonging o NX] havng
degse ot most (dim(N)). The valus of A(N) i an integer shat encodes the
Confcensofperm(). Fo each matrx N € domain(h), et £(N) deore he
Sl nteger ¢ such that every coucen of every enry of ¥ i s than
21 Then ther it som ftegr cnstant ¢ > 0 such that, for ll matices
V'€ domin(h) and il 1,0 ¢ < (dm(N)", the coeicens C, of X' in
perm () i e than

mi(m 4 Y < 2, ©1
Then we define the value of A(N) to be
5 ey,

Then by equation 61, the conficients Gy, .. Cys can be recovered from
A(N). Furthermore, we claim that his a #P funcion. To seo why, consder
a nondeterministc Turing machine U that, on input N, does the following:

U tests whether N € domain(h). I the tes fals, U immediately rejects N.

U gueses § € (0, ... (Am(N))"} and for ench 5, 1 3 S dim(N), an
inegerd; € {0,....,dim(N)). U tests whether § = 5, cqmsy . 1 the
et ails, U immedinely rjects . <

o For oach j, 1% 5 < dim(N), U guesses sn inoger p, € {1, .. dim().
Let 7 be the mapping from {1,....dim(V)} to itslf deined for all i,
105 dim(N), by 70) = pi. U teste whether = is » permutation. If the
et s, U imamodinte rejcts N.

U computes the product P for ll j, 1% 5 < dim(N), of the couficent of
X4 the (7, 7(7))th ey of N.

U gueses an'intoger k, 1< k < 244mM 01, and then accepts N
otherwise

It i aasy 10 see that U can b polynomisl time-bavnded and, for all N €
domain(h), #acey (N) = h(N). Thus, A € #P.

Since A s & member of #P, by part 1 of Proposition 63, there is &
polynomial time reduction to (R, Ry) such that fo every N € domain(h)
B(N) = Ra(W¥, perm(Fs(N)). Defne the acton of the oracle F a1 follows:
On input N € domain(h), F does the fllowing:

© F computes W = Ry(N) and evaluates E(W) to obtain candidatos
Vi 0y for perm(W)
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Proof Let £ € IP. Take a intractve proof systom fo L. Let V b the
vrifie and p be o polynomial bounding th runime of V. Without s of
enerality, we may ‘ssume that the prover provides a single-bit answer to
ench query of V. We may also asoume tha thete exist. polynomils m, g, and
7 such that,fo every input, the verifer makes xactly () querie to the
prover, each having length (), and tosss exacly () coins befor the
Brst uery, afte the It quers and between every two consecutive queries,

W can asume that the objective of P i o maimize the probabilty that
¥ acoepts,regaales of whecher he input belongs o L ot ot o s why,
suppose that the input beongs 1o L. The completences condition reires
hat thee i a prover that makes ¥ accept with probabity more than 1,
0 hi i the same s requiing that the highest acceptance probabity tht
s achieve by any prowe i mor than 3, Next suppose that th input docs
ot belong o L. Then the soundness conditon rquires that rgardles ofthe
protocs ofthe provr, the acceptance probabilty of V' a les than 4. Thia
i he s eqiin st e ihes probbilty tha i e s e
than 1.

W claim that the highest acceptance probabily can be achieved by &
proverthat worksdeterministialy Here the reader should be cautoned that
dcteriistic proves aro no ecesarly orals o provers can selat theis
‘answers based on the hisory of communiction.

"To prove the claim, st note that o can asume that ther s ecursve
function 1 5 — N such tha,fo every = € 5,V on input = sk exacly
1(2) queies to the prover, reardies of i cin tosss and o the prover.
Suppose thee i o such  exists. Since V witneses that L € IP, there is
prover P such tha, for every = € L, V on input = runs for at most 7(z))
regarlss of i coin toses and of the prover. Defin V 1o be the machine
that, on nput. 7, simulates ¥ on input £ for st moet () steps, .., V on
input = alon the simulted path attempts o make the (([)+ )t step, V"
aborts the smulation. Wi exceutin the smulation V7 counts the urber
of auerien that V on input x makes totheprover skong the simulted path of
¥ on input =. When the simulaton s cither completd or aborted, V adds
dumm queris (e, about the empty string) to make the total mumber of
uericscqual 1o (1) and then accepts itV on input = long the smulated
path scoepts. For all = € 5, the number of qurie that V" on input. 7
makes s p(z). For all 2 € L, the probabilty that V" on input z sccrpts
through interactions with P is equal to the probabity that ¥ on input =
accapts theough interactions with P. For all 2 € L and for all prover , the
probabilty that V7 on input = acxpts through interactions with P is not
Sreaer than the probability that V- on input  accepts through interactions
with P So V" is an interactive proof sysem fo L.

Now, supposo that V has Just made e st quey to the prover. Sinco
it can compute the funcion / usin it unlimited computational power,the
prover Knows that this is the lat query o V. Lot p and o ropectivey bo
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« For each i, 1< § < p, F computes the ith polynomial g, from Fa(W, )
by taking modulo Q.

 Trash al the candidate polynomils of degree greaer than m?,
the dimension of N. Als, if s polynomal s repeated in th I
duplicates.

+ Return the lst of emaining polynomials.

Since Ry, R, snd B are all polynomial time computable,the procedure 7
rune in poynonia time, So,there is some > 0 such hat, for ll N €
Gomaia(h), the e of candidtes that  prodces o put N s bounded
by (@m() + €V

During the execution of the praceduze for computing perm(4) mod @,
for cach quey N made 10 7, dim(N) < 1 < [A] s £V) < 1og@ < IA]
Suppos that the prime numbers Qs ..., e n the interval AP AP}
o some 5,1 > 1. Then the mumber of cndidate ¢ that 7 autpate st ach
ey during the computation 1 ¢ st

where m
. ciminate

(1414 vlog A)° < A

fo all but initely many A. The requirement for Q Is that €% < Q. So,
A= < [A" has 10 be met. Let § = 2a +4 and 7 = 20. Tho nomber
of prires we need s | AT The fallowing theorem, which we state without &
proaf, i well known and seful.

Theorem 6.8 (The Prime Number Theorem) For evey integer > 1
there are at last 3 primes i the iterval (1,24

Since > 1 and 7 = 28, by Theorem 6.5, there ae st lenst A7 primes
i the nterval (1419, [ AP Since the argest primo we deal with i at most
AT, by a trivial division procedure we can fnd in time polynomial in |4]

the primes we need. This implies that the permanent Is polynomial time
computable. This proves the theorem. a

6.3 IP = PSPACE
In this section we prove the followin resul.
Theorem 6.9 IP = PSPACE.
‘We divide the proof into two pares: IP C PSPACE and PSPACEC IP.

6.1 IP C PSPACE
Lemma 6.10 [P € PSPACE.
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Step T 16w of the form 30 S Sy gy, o do G fllowing:
o 55w
(6 For ah oy i et (o) + ). do he i
7 Shmlat the computation of ¥ om I = aone path ¥ smvring|
U for ench .1 5 % (1), th prow anewes 4o i f0h qory
s,
(5) Check whether V acceptedin thesimulation a whotherfr every
T2 12 1), th st query of ¥ i th sirmlation e .
(i) T bt s s, increment S by 1
(@ Reburm Syt
Sep2 I w G of e fom  u#hSo S then et
" (RCoK0(z, o) 0z, w D)
Step 3 I ciths 1= %01 0 of th form 3 S - S o some k <
"le) then do the alowing:
{055 100,
6) Forachssin = o bength i), cmpue = RGHP(, ) and s
(© Retuen 5.

Fig. 6.3 Algorithm K508 for computing

some pieces of information need o b stored: the current locaton in the
RCOHP program, the sum $ (Scep 3 only). the curren vlue of p (Step 3
anly), which of the two recuriv cals i beng exccuted (Step Z o), and
he output of the frst recursve call n the case when the second ecursive
call i about to be made in Step 2. Since the total mumber of cin tosses
of Vi (qa] + 2. R hos precison of (a(z) + 2)r(z) it So, the
amountof nformation to b sored is O((a(z) + 2)r(() = Ola() )iz
Thas,the entie procedurerequies O(q((z)*r(z)) spac. Hen, REOKP is
polynomiskspace lgorehm, and thu, L € PSPACE. a

6.3.2 PSPACE C 1P

Now we prove the other inclusion of Theorem 6.9
Lomma 6.1 PSPACE C IP.

‘Wo st provide o brif verview of the proof of Lemma 6.11. Lt L be an
arbiteary anguage in PSPACE. Let D bo » polynomia space-bovnded Turing
mochine witheasing that L € PSPACE. W develop o protocel fo veriying
i of D. The iden behind the protocol i Savitc's Theorem, which

log ), nondetermin-

isic S(n)-space-bounded computaion can be deterministically simulated in
space S7(n). To describe thetheorem we us the concept of configrations. A
configuration of the machine D describes the contents of ts apes, the posi-
ions o it head, and s state. Hore wo sssume that D is 2 oneape machine
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he highes probabiliy of acceptance that can be achieved beyond this point
provided that the prover answers with a 0 snd provided that the prover
nsvers with a 1. These two probabilie are well-doined, ince the runtime
S V' i bounded,so using ts unlimited computational pawer, the rover can
Caleulte them, Parameerize the stratogy of the prover st this very paint
with 0, 0 < < 1 in such o way that i provides a0 s the anawes with
probablity a. The the overal probabilty that V aceepts beyond this pint

ap+(1-a)a =0+ (p-a)o.

This is maximized st o= 11 p> 0 and at = 0 p < o. So, i oder to
maximize this amount,the prover has only deterministically to answer with
S0 > o and with » 1 otherwise. Thus, the strategy of the prover at
Chis point. could be determinisic. Since the same argument <ould be made
for any “query” point, working up from the ast query to the et query, we
can argu that the entir stategy of the prover could be made deterministic
without dectesing the probabilty that  accepes.

For cach 7 € I It H. denote the s of all possble communication
histories between V' and some prover. Here a communication history between
V7 and  prove s the record o ll the queres and answers exchanged botween
them before some computational step. More precsely,for each x € I, the
Tolloving srings constitute Hy:

« The empey sting A
Al suings of the form 1,8 -+ Syu by fo some K, 1 < k < plla),
e un € DD, by, by € (0,1). Hre for aach i, 10 < K,y

i query of V-t th prove and i the provr's v t 4.

« The swings of the fom b - Sys- b 1Sy o som , 1< & <
Bl v € S by, by € (0.1), Hore fo ench i 11 <
ki e 8 ey of V o the prove,for each iy 1< 4 < b - 1, b i the
provr’ answer to g, i he anbver (o g 8yt dobe gen.

For all 2 € 5 and w € I, define Rz, u) o be the masimum probability
that 'V on fnput = accepts when the history of communication has 1 18 &
profix. Thon R, ) s the highest aceptance probabilty that V' on input =
through ineractions with any prover. So,fo all £ € £,

3

rel e RX 2

b

To provethat L & PSPACE it now suffices to show that Ris polynomial-space
computable.

Cosider the_procedure RCOWP, decribed i Fig. 63, for computing.
R(z,u) given = € * and w € A,

I i aasy 1o see tht the procedure works cortectly: Let us analyze the
space requirement of this procedure. For llx € 5, BCOMD(z, ) hs rocursion
depth 2q(1=). When a recursive cal is made In either Step 2 or Step 3(b),
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and that there exist a polynomial 5 such that, for all € 5, the confi
i at cach step of D on input  can be encoded a8 & sring in S
“wo assume that, for ench 7 € I if D on input 7 accepts then D dons
50 by erasing ol the tape squares it has ever visted and moving s head to
positon 1. This implies that for every = € 5*, ther i a unque accepting
configuraion of D on input z. Finaly, assume that there i polynomial -
euch that, for all € ¢, D on input 2 halt at step 202 Then, for all
€ B, € L if and only if the unique accepting configoration of D on input
= i reached in exactly 204D stepe,
Suppose we are. tating the membership of = € I* in L. We define 8
Sumily o polynomials Ry, 0 < 5 < r(1z), with the fllowing property: For al
5,05 < r(l), and allconfigurations C and " of D on input 7,

1 i eachabl rom Oty D
By = { inexacly 3 st
Ooberuin,

1 ac espectively theencodin of C in EX04) e he ncoding
of G B0, L Gy b th il coniuration of D o imput 2. Lok €y b
e accepting confgorationof D on input ,in whichth tapehewd of D is 1t
position | ancachtape squace has  biank. Loty a0, besespectively th
Encodingof Co anc the encodingof Cy Then = € &= Ry g0 = 1
We develop  protocl fo tstng whether B (1 1) = 1. The basis of
th protocs i an rithmetie chaactsization (eled armetization) of the
prodicate R

“Towo propetis of R play a crucilsole bere. First,for every & > 1, and
vy puit of confgucations C and C' of D on input 7,

Rafuww) =1 o=
(3 € BON(Ruca(w2) = 1) A (Recalzw) = 1)

where w i the encoding of C and ' s the encading of C". Second, the

predicae Ra(s, ) can be writen as  polynomial of 25(n) varisbles (cor.

Feponding t0 the bit of 10 and ) having  smll ot degree.

Proofof Lemma 6.11 Lt L be an sebitracy angusge n PSPACE. Let D

be s machine witnessing that L & PSPACE. We frst make fow assumpt.
about the machine D:

1. D ha cly one taps and the te @ cneway
2 The sate st of D 5.Q = {a ) and he lphabet of D s T =
(o o).
3. Thie i’ polynomial p avin th flowing two propertis
« For vy 2. 3, D on input a4 ot ) sapa sauaces
© For vy 1> 0, pln) 2 max(M, ).
4. For each n > 1 ther i  anique accopting coniuration af D for any
input of Ienguh . For exampl, for sl it € T we an assue that.
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Define
Equal(s,0)

Then, for all ¢ € (0,1), Eual(h,c) = 136 b = c and Equl(b,c)
otherwise. For cach intege k > 2, and & boolean variabes i, .1y, deine

Uniglkl(ys, .y.):(n—nu—y.v) I 0-vw).

e

Then, o ey k> 2. UnilH, -.x) s plymonmisl of g
‘each variable. Also, for all k > 2 and i, ... ,ux € {0,1}, Unig[K]( )
et o 1 sl onf - 51 s e 0 i, Lt
5 of oyl i o D o
= (ki@ 1S i< AL S5 <MATSREN A
1SISMAISmSNADE(+1,0,-1} A1 <i+d<plz) A
((g5,00), (@, 8m,) € A},

Dene
Rol,0) = NOXD 3 pl6,0.7),
Here
xO=

o=l (posl - b0tz UnaMI(tg, .. M)
I vnialNsymels 1), .. symeli, NI,
=

o=

o=l potall .. poslp ) UnialM] st ...

1 UnialNjmli . ... symals, N,
s

and, for each 7 = G
)
posglilposale + dsteelttelkJsmel, L vmel + dr ]
T Baal(symet,ul, svmlt, v
i NG 1SN

Since Unig checks that exacely one of the input vaiabes s 1, A()
f and only if € i lgitimate. Similarly, A(9) = 1 if and only if 0 i logit-
mate. Ao, for all Gtuple 7 = (3, kym.d) € S, and @, € (0,110,
M)A @)pla,fir) = 1if

() both o snd  sre legitimate and

Enlrymo &) €5,
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‘when it i about o accept o refect y, D writes a blank on tape squares
1,7l moves the head t the lefmost posiion, ad then eners &
g accept stae.

Let &.C (@T)x(@T'x [+1,0, 1)) be the transiton functon of D, where
({a,0),(¢,)) € 0 signfies that if the currnt sate s g and tho symbol
currently Scanned i o, then in one step D overwrites the currntly scanned
a by an o, enters state ¢/, and changes the head positon by d squares on the
tape.

Let 2 € 5 be a siring whose membership in L wo are testing. As n the
tableau method, we encode each configoration of D on lnput 7 using a se of
boolean variablés, We willus the flloving boolean variabies:

o ], M.
For svery i 14 < M, ste{ = 1if and only if the curent state is ..
o ponl i =1, . ple]).
For every 4,1 <1 < p(ll), posf] = 11 and only if the head s located on
the ith tape square
o syl dli= 1, a5 .
Forall i, 1 <4 < pije), and 5, 1 £5'< N, sy, )
s stored n the ith tape square,
Let s(n) = M + (N + 1)p(n). Then  is & polynomial in n sad the total
mumber of varables sed i (/). Fix an cnumeration of the s(e]) variables.
Let a be an asignment to the s(J]) variabes. We say that o is lgitimate f
the folowing conditons hold:

o There I exactly one i, 1< § < M, such that st

« There i exactly one i, 1 < < p(), such that posf

< For every 1 % 1 < p(Js), there is exactly one 4, 1 < 5 < N, such that
syl sl =1

Then, there is & one-to-one correspondence between tho s of all potential

confirations of D on input = and the et of ll legtimate assignments.

Proposition 6.12 Thersexistsa olynomial Ro € Zis . g s -+
) that satisfiesth fllwing contions:

1. An expression of Ry can b computed in polomial time. Puthermore,
Jor any iteger Q 2 2 and 0, € (Zg)"0%), Rola,) mod @ can b
cvahated in fre polynomial i 5|+ 108

2 Ry s poliomiat in degree t ot plz) + 2 i each varible.

3. Rorll D€ (0,1)"0: Ry(o, ) = 1 3f bt and o tmate and
D on input x reaches 8 from i o stp and R, ) =  otherwise

f and only f 0y

Proof of Proposition 6.12  For simpliity we attach thesubscripts € and
10 the abov () variables to indicate that they are sppearing i the €
part and in the 8 pat, respecively.
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disinet primes Q1 -, @, Once these values have been computed, since
Q1+, 2 2 > 2lperm(A)], using the Chincse Remainder Theotem, we
i recover the exact value of perm(A).

"To compute perm(4) mod @ for a prime number @, we execute the fol-
lowing algorithm that uies & subroutine 7.

Stop 1 Set Ay to the n x n matrix such that for all Integers § and .
14,5 S it (5 )th entry is oy mod Q.

Step 2 Sat Ay o the n x n matrix Sch that for Bxecute the following for

=1

(8) Construct from Ay an i x§ matrx By(X), defined as

T A

Here forevery ky 1 < k 41, ayeisthe (1, Kth entey of Avss, A
denotesthe (1 Ktk minor of A1, and

ao= I1 X-i6-i)
St -

where for ol € (L, .., i+1) = (K}, =) is the mul
inverse of i in Zg,

() Present B,(X) to the subroutine 7 to btain candidate plymomias
G190 o perm(B,(X)). whete % < @ and these pynoms
repairwise disinc modul Q. St 7 o the malles € {0,
1) such that forall .k, 12§ <K S, ,(r) £ 9nr) (mod Q).

(© Sot A to By(r) mod .

Stop 3 Compute vy = perm(Ar), where vy i the orly entey of Ay
Step 4 Exccute the following fo = 1, .. n— 1.

(9) Let g3, .0 be the candidate generated for perm(B(X)) in
Step 20, Find the uniaue b, 1 < k < £, such tht () mod @ =

(6) Compute i, 88 (S0, 900)) mod @

Step 5 Output vy 4 perm(d) mod Q.

iative

Note hat for every i1 § S m— 1, in St 2(s), ech enty of B(X) in
a0 clement of Zo[X] o degree at mast i, 30 perm(B,(X)) is 8 polynomial
in Z[X] and ha degree o mast £ < . Note lso tht for evry i, 1 <
£ 0= 1 i holds that pem(Acs) = gy perm(Bi(0) (mod Q)
I Step 2(5) above,since perm((X)) s o peynomial of degre st most
., by Lemma 632, fo each i ), 1 < 5 <k < i there ace at most.
1 many alues f i 0, @ 1) such that ,(r) = 9n(1) (mod Q).
Since there are (3 < & combinations of 5 and £,

lrlrefo,....@-1}a
@HST<ESEAG () =an(r) (mod QU <
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PG +log ).

This s essthan 5¥(n) fo p(n) > 2. Also, by past 6 of Propositon 6.3, o esch
polynomial /(3) sppearing during the protocel, the log of each conficient of
1 at most

P)E) + 2logp(r)

“This s Less than p(n)fo p(n) 2 2. Thus,al the integrs that sppesr during
the execution of the protocol are at most p*(n) bits long. Modify V' so that it
will spend at most.7(n) staps or reading » numbr supplied by the prover.
Then V' wil be polynonial ime bounded and.sble suecesstuly to execute
the protocol for very input € L while interacting with P. Tis concludes
the proof of Theorem 6.4

6.2 Enumerators for the Permanent

PH C P#7 (by Theorem 412) and perm i complote for #P (by part 4 of
Propositon 6.3), 0 we may ot hope ta be able to comput the permanent
functon in polynomial time unless PH = . Then we ak: I there an easy
way to gensrate, gven an integer matex A, » short it of candidates for
perm(4) 3 that ane of the candidates i the correct vlue of perm(A)? We
‘combine the polynomial interpaltion technique and the self-reducibilty of
the permanent (1., the permanen of sn n X n matrx with n > 2 can be
cedued to the problem of computing the permanent of allts minors), we
show that we canot hope to have such an enumeration algoithm ather,
unless P = PP.
We s formalize the concep of candidate goneration.

Defintion 6.6 Let 5 = N be a function. A function E is an enumera-
forfor £ iffor everyz € 5° ther existsome m > | and somea, o € N
such that

1 B(@) = (myan, .. am) and
2 )€ fan, - sam)

Theorem 6.7 If there is o polynomialtime. computable enumerator for
perem, then perm € FP.

Proof Suppose that there is  polynomial-time enumerator E for the per-
manent function. Let n > 1. Let A = () be an n % n mateix whose per-
manent we want to compute. Let m be the smallst integer such that each
entry of A has absclue value at mast 2", Then, ], the sncoding length of
A, atLest -+ m. By pat 4 f Proposition 63, [perm()| < 205",
For all nm 2 1, (1 + m? > nim + logn). So, [perm(A)| < AP Let

l0g 4[] + 1. Then 2° > 2jperm(A)| We reduce the problem of com-
puting perm(4) to the problem of computing perm(4) mod Q for some +
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i 620 Letd 2. Let A be o Vandermonde matri of dimension
4 e, forsomé ay, .- ou, A is of the form

Voyafaf!
o e

Laga e af
Then the determinant of A i Tly<icszales o).

By Proposition 620, the determinant of A i [Tye,c, (- %) Since
20,154 3 pairwise disinc and Zg is a fld, the determinant of A i
nouzero, 20 A is nonsingula. Thus, A~ exist, and 0 we canset € = A~
Fot ll 6 Z U, - Yty Btias, - 11p) = ¢0). Thus, for all 6 € Zg,
o(6) = H0) + 1), Tn parcuia, o) = H(0)+ €. By our assumption,
9(0) = Vion, .-, up). The ight hand s is  of the protoce. Since the
protocal aceepts if and only £ & = K(0) + €1)u,(mod Q). the probabity
that the st succeds i 1.

By following a similar srgument, we can show tht the protocol accepts
whon the et i called for 4,11 %77, =, d = 6p+2m-+i 1, = Hors,
and V=,

Henoe, the probabiy that M accepta = isone. This provesthe complete-
ness ofthe protocol.
6.4.2.6 Soundness of the Protocol. Next we show that the protocol
sound. Suppose that 2 ¢ L. A sampling error occurs in a single run of t
sampling alorithm with probabilty less than 2-7. Since the tokal number of
Samplesgeneratd in the etire protoclis O((p-+ m-+5")"), the probabiity
hat  samplin error occurs during th execution of the ntire protocol is

otz

This i les than § for all 2 suficiently large. That i, the probabilt that M
accepta = duo to  sampling error i les than §. We will show that for every
oracle the probability that M accopts =, provided that no sampling error
ccur, i e than §. Then fo every oracie the probabilty that M ccepts =
i e than § +§ = } as desized. For simpliity, i the following discusion,
assume that w0 sampling error occurs. Let §,Go, - 0y ¢ (Za)® — Za
Ha, ..y : (ZQ)”" — Zq be the orace functions. We analyze the tests
that M conducts.

64.2.6.1 The Low Degre Tet. To anslyze the Low-Dogree Test, we noed to
deine the concept of clasencss

Defnition 6.80 Let s > 1 be an integr. Let 19 : (Za)® — Za be furc.
tions. Let0.< ¢ < 1. Then { and g are said to b cclose o the proporton of
€ Zg such that () # o(x) s ot most
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than 3, we can asume that the i o sampling eror. We caim that with
probability one all the tests either succeed of force M to stop computation
Instaly by sccepting . Cleely, the Zero Polynomil Test succoeds with
probabillty one for both Gy and My The Low-Degree Test succeeds, too
(sgain, given that ther i o sampling erro), which follows from thelemma
below. We il give ts proaf in Sect. 643

Lemma 6.25 (The Low-Degree Polynomial Characterization
Lemma) Let d,s be postioe ntegers. Let F = Zp for some prime number
R For every function h+ F* — P, h i a poynomial o toal degree ot most
i ond only iffor all y, 2 € F*, i holds that

5 bty =0 (med R,

where for cvery’, 0 <4 < d 1, 7= (44 (1)

Lemma 6.28 asures that the Low-Degree Test succeeds with probablity
e for Go, .Gy o, .-, Hyr Both the G-Bauality Test and the Ho-fs
Equality Test pss with probabiliy one

Furthermore, we claim that the Slf Correcting Polynormia Equality Test
succeeds with probabilty one each time it is caled. To prove the claim,
Suppose that the tet is callod for 4, 1 € § < p, 3 = 5 d = 2p i1,
U Gooyy wnd V= G Lot v .. 3o, 24 € T I3, . 24 e mot

puirwisedistine, then M accepts, 5o suppose tha they aze pairvise disinct.
Lot

90) =

U, 0.8kt 9p) + U Bt L erss 90
and

HO) = Uy o Vien Vit - 1Y)
Since U i plymamial of toal dgge . mosk £ = 451, ¢ s
Polyaomia in# of g st ot & The e ek, bt e 504 €
2 Bt 10 = Ereyeae For a5, 0 % 3 % 1k by

(1 i3 - 3p) ond vy = U(wy). Let € = (en, . cq and
0= oy - g Lot A be the matrx specifed in the protoce, name
Loz 2
[P I
Taggdd,

“This type of mteix s called a Vandermonde Matriz. The ellowing proposi-
ion, which we stte without o proof, shows that the determinant of a Van-
dermonde matrx s » smple formua.
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)

3 ulen

ok

where forevery ,0.< i < ¢, v s a polynomial i €, ..., of total degres at-
most (4-4), and v s not the zeropolynomial. Thr, or aly = (1, . 1) €
P, yis aroot of  if and oaly if on of the fllowing conditions (1) and (1)
holds:

() (9, 2) I8 root of each f ..,

() For some 1,0 135} 1m0t 100t of s, and yy I rootof

By our induction hypothesis,the number ofy for which () holds
(@~ ON*"D)N = (d - N~ and the number of y for which (i) hods s
at ot (N*~)e. Thus, the total number o roos of s st mast dN*-1 sa
esired. Thisproves the lemma. Q Lemma 632

Now, the reason tht the polynomins o, .., a1 Ho - by a0
unique can be explained s follows: Lat  and o be two isinc polynomial of
otal degree . Suppose that both u and o ar p-los toa uncton £+ F* —
. where Fis a ed o sze N. Lt 0 = v, Sice 4 0, 4 0. ince u and
st prlos 11, s 2p-clos to . o, the proporton of y € F such that

s at least 1~ 2, By Lemma 6.3, the proportion of y € F* such

st most . This implis § = 1- 25, i, § + 20 2 1. We

laim tha thia nequlity holds fo none of 3,00, .o, -,y Since

V=12, th gt vl of d s Gyt 3, the g vl of

D1 b and ths, 4291 at ot 22252 1o Thi s s than

1 for a7 sufficiently large. Honce, 3.0, gy o1y ave uniquely
defned -

Now that each of G,Ga, . GpHo .. Hy is close 0 & polynomial,
we hink of th other tst as hecking the propeties (D) through (1) with
each of these polynomialreplcing s corresponding oacle fnction, .., (D)
hrough (1) are modifed 1 fllows:

(DY) Bqation 68 holds with go and § in plae of By and B, respectivly.

(/) For each i, 1 < i < p, equation 6.9 holds fr g, and g, in place of B,
and By, respectively:

(") For eac i, 1 < i < p", cquation 6.10 holds for Ay and hi-y in place of
€ and €y, respectively.

(@) o = Lulgs; K61, byrr)  (mod Q).

() 4,20 (mod Q).

(1) by 20 (mod Q).

Of course, the machine M doos not have dirct acces to any of the polyno-

mial g, .y, -y, bt each of them 8 close to the corresponding
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Then we have the following lemma.

Lemma 6.81 (The Low-Degree Polynomial Closeness Lemma) Let
4> 1 be integers. Let § = ybay. Let | be o function from (Z)* 0 Zg.
Suppose that f is not 2.close 1o any polymomiol o total degre at most d.
Then 1 surites the Low-Degree Test ith probabity lss than 1

The proof of Lemma 631 is long; we defr i proof 1o Sect. 641, For
o, st hat he lemma s corec
Lo d = pand § = gpbye. For ach i, 0 < < p, et dy = 2p 4

e Alo, for sach 4,0 < § € g, e 4
= rororameron. Then, by callng the Low Degio Tk, M chcks whether
the alowing conditions ae al satsfied:

« §is -ckose o a polynomial o total degree at most &

@ Forall 4,0 < 4 € p, G, is b-close to 8 palynomial of total degree t most
d

o For ll 4,01 6 <, My i Bcloss to » polynomial of total degres at most
d

Then, by Lemma 6:31, if ome of thee condition s no satsfied, M on input

 reect with probabity more than §. So n the following discussion, et us

astame tha these conditons are all saisfid, .,

() G s to 8 polynomil § oftotal deres st most d
for each i, 0 < i < p, there is a polynomial g, of total degree at most d;
tht i s o G and
foreach 1,0 § £ g, there s polynomial o ot dogres st most
tht i s o M

The polynomials go, . .o . by e uniquely determined, due to the
following lemma.

Lemma 0.52 Let d,s > 1 b itegers. Lt F e a finite feld and ket N
IIFI. et F* = F b a nonaers polnomiol o totol deyree ot mst . Then
e proportion of y € B fo which (1)~ 0 i t most §

Proof of Lemma 6.32 Let d,5,F,N, and u be s n the hypothesis. Lot
T be the roos o win P e, T = {y € F* | uly) = 0). To prove the lerma,
it suffices to show that the cardinality of T is at most dN*"1, We prove
his by induction on s. For the base case, suppose that s ~ 1. Then u is &
univariate polynomial of dogroe ot most . has ot most d distinct roots, 35
IITI| < d = dN*~ a desied. Thus, the claim hlds for s = 1.

For the induction step, uppose tha  — o for some £ > 2 and that the
claim holds for ll vaues of s that areJess than s and greater than o qual
to1. For some ¢,0 < ¢ < 4, u can be writin as
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b roportion of = (.. 47) o A t ot e e g 0
Go returns a value different from that of go is at most 1 - (1 - &) < 34. So,
the proportion of y = (y, ... ,uy~) such that F(y) # Ho(y) (mod Q) is at
1§ 05 21 B2 ke g, T s

than J for ll  suffcenty large. Thus, we have the following reslt.

Fact 6.3 Assuming (%), i ho # fo(mi€y, . &) (mod Q), then the
Hofs Equality Testfol vith proabiy grester than 3.

64,269 The Effect of the Sef-Correcting Polynomial Euality Test. Now
we analyze the Self Correcting Polynoial Equality Test.

Fact 6.37 Assume (%) Suppose tha there i some i, 1 < § < p, such that
equation 6.9 does ot hold with g n place f B, and 0y i ploce of Bi1;

96w 6) £ 0, e O 6p)
gl e Lo, )6 (0d Q)

Then the probability that M reects = during the ezecution of the Self.
Cornecting Polynomial Equalty Tet with ¢ = p, d = s, U = Gys, and
V'= G, s grater than .

Proof of Fact 6.37  Assume (*). Suppose tha there is some §, 1 € < p,
such that

L L R X ]
+ 0ol b L &) (mod Q).

ofthe SelfCorrecting Polynomial

Let i be sch an 5. Consider th exceut
Equalty Tt with £ = p, 4 = d, U = Gy, a0V G, Supposs that
Ui oSy € Z have been B and 544 Y 10
b pidkd. Lot ¥ denst the (p — 11uple (o, - 1,30, 3p) and
forCach 0 Zo et Y{0 dencte (v . 1.6, - 3p). The protosl
et i and oty i the Following v condtions ok

o 20 .24 are pairwise disinet, and
O+ # Vi, ) (mod @),

where ¢ s the polyuomial whose cocicents swe given by
AU ), .. UV ()T and A i the (44 1) x 4+ 1) Vander.
monde. matrix such that for all intgers 5 and k, 0 < 5 < d, the
(7 1K+ 1)ch atry of A i . Since .1 is a polynomial of total degroe
at 105 4, if 0, 24 e parwise lstinet and, for all 0 < j < d,
UYL = o r((YIa]) (mod Q), then for all 0 € Zq €0) = ou-1(¥16)
(mod @), So. M rejeca zif
) ... see pairwise disinee an for every 5,0 < 5 < &, U(Y]3) =
aeaVI5) (mod @),
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crale unction, 0 with high probailty a randomly selected poit In the
Gomain it ane ot which he orcle fonction and the polynomial agre.

64,262 The Zero Plymomial Tst and Equaiy Tests, We nxt analyze the
Zaro polynomial Test and the Eaquality Tesa. We analyze the effct of the
Zata Polynomial Tt frs. Suppose tht the tet s caled wih 5 = p and
U= G,. Suppose that gy i no the set-polynomial. Since g is » polynomial
of total degre dp, by Lemma 6.2, the proportion af y = (31, . 1) such
Wt 35(5) 7.0 (mod @) i at et 1 — . On the other hand, snce G is.
ylose (0 g, the proporton of y = (s, . 3p) sch that ,(5) # Gy ()
(mod Q) f a0 most &, Thus, the proporion of ) sch that
) %0 (mod @) f st least 1 - § —b, = 1~ & — ;i
reter than § for sl 2 sufficently lae. Thus, we have the Fllwiog foc.

Fact 633 Assuming (%), i g i rat ser, then g suries the Zero Poly
nomial Tes with proliy ess than §

By following  simila discusion we can prove the fllowing fact

Fact 6.34 Assuming (%), f by is not sero, then
Polynomial Test with probabilt less than .

The G-Equality Test can be analyzed similacly. Suppos that 3(5)(1 —
5(0) 7 u(s)(mod Q) Since s  polynomial of total degre 3t most
' 2p, the proportion of = (1, .3) € (ZQ)” such that 53)(1 —
5000 2 50 (mod @) i, by Lemma 6.3, lesst 1 5. Sinc 5

o §, the proportion of y = (31, - ,¥y) € (Z)? such that S(y)(1
1= (mod Q)

survives the Zero

Gw) #
o d-cote oG the proporton
13 506k that Go(s) # () (md @) i o most . So,the

1) such that Gt~ G(9) # o) (mod Q)
0= 1~ 3~ gybay ~ b This s gresterthan
§ for all 2 suffcendy arge.

Ths, we hve the following reslt

Fact 6.35 Assuning (%), §70)(1~36)) # 4(3) (mod Q), then the G-
Bty Tes ol ith prbabiy ratr than §

“The snalysis of o/ Baquality Tost s smila. Lok 7 = £(Goi s, &)
and ' = (@i, . &) Suppose that 7' # hy_(mod Q). Since o i
« polynomial of oial dgree at most di, by Lemma 6,92, the proportion
o3 = (41 .. ) sich that F/s) # haly) (mod Q) s at lsst 1 — %,
Since o is B cose 0 o, the proportion of y = (31, 1yr) such tha
Hols) # hols)_(mod Q) Flony o i)
he i, second, and i siven to G, since g i
diectly accesbie. Since ntersect with each other,
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By hypotbesit, 0ca(6, - 61 0 6) + a6 i L
Gnr - &6 # 0. 16) (mod Q). Sine g is polymomial o to"
tal degon d, = 2p-+i, by Lemmua .32, the average of IS o at most 228
Since V is diclose t0 g, the average of SSHEL i at most gzt Sinco

U i Gt 0 gy, the average of UL is st most gizhire. So, the
probabiity that M rejects s at lesst

| @
femarr i R

and this o groste than § for al 2 suiciedy age. Tis provesthe propo-

tion. QB 637

By a similar analyss we can show that the following fat holds.

Fact 6.38  Suppose that there is some i, 1 § < p, such that eqation 6.10
does not hold with hy n place ofC, and b n place of C,

[N S Py SRR S YA 5}
+hies(E e Eien L 606 (mod Q)

Then the probaity that M eicts = during the exccuon of the Se-
Corpcting Polynomial Equaly Tot with s =/, d = iy, U = Ho
and = H e reterthan

64,264 Puting the Picces Together. Now wo put all the pieces togother.
Assume that there i no sampling error and that. (*) holds, . each o the
oracl functions is closo 10 a polynomial o dsired dogreo with a desred
distance. Also, sssume that the conditons (D') through (1) are 4l satis
. Then, § i a polynomial of total degree at most p such that, for all
(61 16) € (0,117 66y, - &) mod @ € {0,1), and such that, for all
(6 16) € 0,17, L@ . 16) =0 (mod Q). Thia implies that
€ I, & conteadicton. So, sithr (*) does not hold or at least one of (DY)
through (1) fails to hold, and hence, M rejocts = with probabiliy a last 3
This proves the soundnes of the protocal

Now theonly remaining task s to prove the Low-Dogree Polynorail Char-
acterzation Lemma (Lemma 6.28) and the Low-Degree Polynornial Closeness
Lerama (Lemma 6.91).

.4.3 Proof of the Low-Degrea Polyno
Lemma (Lemma 6.28)

fal Characterization

‘This lerma statesthe ollowing: Let d and s b positve integers and R be a
prime nurber. Let hbe a mapping from (24"  Zs. Then h s  polynomial
of total dogres at most  if and only
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() 961 (V10 + 9 (Y1) # it - 1) (mod @), and.
) VIVl = 9V lu) (mod Q)

‘We etimate the probabilty that al thess conditons hold. Lot S,[Y] be the
et of all 6 € Zg such that Gooy(Y[9]) = g1 (Y16) (mod @) and S;[¥] =
Zq - S,[¥]. To estimate the probablty that (1) holds, frst suppose that
1Y) has at least d + 1 cements. Then the probability that ) helds i

SISV

sy

)

This e at least

(s ygu-d)‘“

- (G—HSH! H-d)“'
Q
IR e

- Q
Next suppose that 5[Y] has at most d elements. Then the probability that
(6) holds is 0. Since ||SY[Y )| + ISiY)|| = Q, 1 — L0 < 0. S0,

ogardlesofthe cardinaliy of [V, the probability that () holds i st et
el
e

On th Sthe hand, o ctimate the probabilty tht both i) and (i)
ok ot S, b th st ofall € Zg uch tht 1 +(V10) + oY 1 #
03 (000 @) and et Y] = Zg ~ S¥], Ak, ot SlY] e
e st of 4l 0 € Z, such that V(¥lg)) = (Yl (mod @) and ot
VT~ Zg — $\¥) Then th probablity ha ot (i) and. (1) hld 3

Now the probability that (i), (i), and (i) all hold s
(1- Chusmn+a) IO S)
Q Q
This it at ot

ISal¥] 0 SVl LIS
Q

Q

Since SY] (1 SiY) = Zq = (SV]U s,rvl»- 18:Y) 0 SY11
ISHIVII= 1SHVII- S, th probabiiy fhat (), (), and () hld is

LSSV IS _ g IS (@04
Q Q Q

-~ ST

snd the probabilty that M rejcts i the average of tis amount whete ¥
is chosen uniforaly a¢ random.
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te st variable et to True. A patial exception (o the use of this attack
i those sections i the lef st technique, which we use i Sect. 112 This
technique, while in some sense o voiled tree-pruning procedure ispired by a
Iomg lin of s reduciblty base tree-pruning procedures, adds a new twist
o thi type of argument, rather than being a direct invoeation of SAT
sexeducibilty.

Section 1.3 studics not whether there are sparse NP-complete sets, but
rather whether NP — P contains ony sparse sts a all. Like the previous
secions, this secton employs explict agorithmic consructions that. them:
selves e objects hypothesized (o exist. by the hypothese of the theorems
for which they e providing proofs. The actual rsult we arrive at i that
NP P contains sparse sets if and only if deterministic nd nondeterministic
exponential e differ.

“Throughout ths book, we will leave the type of quantifed varables im-
plicit when it is clear fom context what that type s For exampl, in squa-
ton L1, the *(vn)" s implicitly “(n € (0,1,2,...)." and “(42)" is typi.
cally a shorthand for “(Vz € 5)." Wo will use  colon to denote a constraint
on a variable, .., “(V: R(z))[S(2)] means "2 [R(z) —> S(2)]" and
“(3: () [5G mesns *(36) [2(z) A S(2).” For any set A and any nat-
ural number , w will use A" to denote the Srings of A that ae of ength
st most n, and we will use A™" to denote th sringsof A that are of ength
exactly . Given a Turing machine M, we will uso L(M) to denote the lan-
usge scceptad by the machine (vith respect to whatever the scceptance
mechasiom of the machine s

1.1 GEM: There Are No Sparse NP-Complete Sets
Unless P=NP

111 Setting the Stage: The Pruning Technique

Before we tum to Mahaney's Theorem—NP hassparse complate ses only if
P = NP—and ts generalization to boundec-truth.table reductions, we first
prove two weaker results that display the slfreducbility.based tre-proning
Spproach in & simpler seting. (Below, n & small abuse o notaion we are
taking “1" incertain places—such a in expresions ke “1""—as  shorthand
for the regular expresson representing the st {1})

Definiton 1.1 4 set T is a ally se ezacly T C 1.
Thoorem 1.2 If ther i a tally et that is <1, -hard for NP, then P = NP.
Corollary 1.3 If there is a tally s tht is NP-compete, then P = NP

Wo note n passing that if P = NP, the the singleton set. {1} s trivially
both NP-complete and coNP-complets. Thus, all the L. ther..” theorems
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6.4.2.1 Encoding Membership Questions. I the irst. phase we convert
the membership questions i L tologcal expressons. By the tableau method,
there i . polynomial  such that, or very 2 € £, ther i » JCNF formula
e of 207 varisbles such that 2 € L I and only if . s satisiable. For
Variable X, we write X = 1 to denote the lteral X a0d = 0 to denote the
Iiteral X. Then, we can assume that each clause in ¢, i o the form

(X() = bV (X(ra)

BV (X(m) = o)

fo some my, mz, ma € {0, 27070 — 1} and some by by, b € {0,1). For
cach z € . et the binary sirings of length p(e]) encods the numbers in
{0,..~ 27 ~ 1}. Dofine the polynomial f by: p/(n) = 3p(n) + 3. Then,
for every 2 € I, the set of al /(e])bit binary stings y = munanabybabs
i isomorphic to the set of all cluses that potentially appeac in . Ther
are exponentially many clauses in . 50 10 polynomial-time algorithm can
compute the entire description of . However, & polynomial-time algorithm
can chock,given 7 € I and a potental clause y, whether y actally appears
in'p,. Define

B = (a#ylz €5 Ay e 0D Ay appeas n )

Then B € P. Furthermore, for overy = € 5°, = € L if and only if

(5) there s an assgnment A such that, for every potential clause y =
munansbibaby, Iy is sctually a clase n e, then A satisies .

By viewing A as 8 mapping from (0,1}74%) to (0,1), (5)can be rewritien
(@4 0,10 — (0.1y)
(¥ = b € 0,1)7040)
[eftye B =
Cm) =5V () = 5V () = )]
Noting that B € P, consder 2 nondeterministic plynomial ime-bouded
macin Ny tha,on it = € I, guesse cause , and he sceptaf and
only =y € B. Sincefor all ,/y./ € T, ] = || and Il = [, then
{241 = |2 4, by spplyng te abens method to Ny and by addin some
dummy vrible and some duny clauss, e abeata a poymonia te,
o cach 7 € £ » gonerc SCNF formia . with the folling properti
« Tueris a polynomial  depending only on L auchth . s <) ()
e
« There is @ polynomial m depending only on I soch tht G, has ()
clses oy

« For evry y € 0 x4y € B if and only fthee is o satieying assign-
e of Gy suchtha 5 e lngth /) prof o .

(62)
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o For every a, . € (0,17, 0< (A, . a) ST
o Fu(&iar, - Jay) =0 and oy if cquation 6.4 hods.

Then, forevery A: (0,17 = (0,1},

(v € 0.1 OD)ZAw) = 1)
it and ony 6

M, ape) € 01 fali s o ap) = 0] ()
To determine whether = & L we tet whether there exits a functon A
{0.1)7 = {0.1) for which equation 6.7 olds.

Lot F be'a fied. Suppose that A is btained rom some B F? — F by
restriting s domain o (0, 1)7. Then, € L if and oy fthere exiss some.
5 F7 —+F that satisfin the fllwing two conditons
o For every e, ...0p) € 0,11 Blor, . ) € 0.1).

o Forevey (a1, .. ) € (0.1)7, o(Bi . ) = 0
What i ' and what Kind of function 5 satify these conditons i the case

when 7 € L7 The following fact shows that a polynonial of total degzee at
most p s suffcient.

Fact 6.25 Let @ be an arbitrary rime mumber gnater than 3. Then's & L
 and only f thee exits 0 B+ 27y — Zq uch that

1. 8 is @ olymomial of total degree ot mostp,

2 Jor cvery (a1, - a5 € (0,117, By, .. 1a5) mod Q& (0,1, and

5. for every (o .. y2) € (0,1, 151 a1, 0y} = 0 (mod Q).

Proof of Fact 6.25 Suppose that there xists an oracle A that satisfios
equation 6.1, Defne a mulivaiate polynomial 8 by:

B Y e 1T L6
[ e
where £o(€) — € and 4,(6) “Then B is a multilinear polynomial in

£ by e plynomis]that i lines n each of the vasiabls £ 15
This mplie that 5 1 & polynomsal of total cegre at most . Thus, prop-
ety 1 holds. For all ¢ = (e ) and @ = (an, 1) € (0.1,
Tiecy oo i o o 1 and s equal to 0 otherwise. Then,
oy (or, ) € (0,11, Al 1 2p) = Blan, .. o). Since the
i o 4 e S st bl i i ot b
every (@, .. a) € (0,17, fo(Bian, . ape) € (0,1) and that for every
O ) L AT YR S ey AT SN
0" (mod &), Thus, property 3 holde
On the other hand, suppose that there i  polymomial & of ot degree
st most p tha satsics propetie 1, 2, and 3. Let 5 denote th function
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Then we can rewite cquation 6.2 a5
(@A (0,17 0,1))
(4 = numanabybaby € (0,11704D) (v € {0,1)007D) ©3)
aly2) = [(A(m1) = B)V (A(ma) = b V(Alm) = o))
“The conditon inside the outet brackets []of the formula, ..,
Claz) = [(Alm) = B)V (A(ns) = b) v (An)
s cquivaent to
~Ge(42) V (Am) = bV (Ama) = )V (Alma) = b,
and ths, s quivalent @0

G142V -+ Va9V
) = )V (Al =)V (A = ). 0

b))

Define 3/(n) = /(n) + a(n). Then equation 63 i euivalent to
@A 000 — (0,1)) (w € 0,1 ) [Z(Aw) =1, (65)
where
Z(A) = L)Y - V~Crup(u)V

(Am) = 0) ¥ (Ama) = ) ¥ (Alna) = b))
and 0 s of the form nymynshybabss such that [
bubaby € {0.1), and || = g(z).
6.4.2.2 Converting the Logical Expression to Arithmetic Expros-
sions. Tn the second phase we obtain an arithmetic expression of equa-
tion 6.5, For simplicity i the following discussion we fix a string = whose
membership n L we ar tstng, Lot m = m(z1). p = p(l1), snd "

"To construct ous arithmeti form, we fst replacs squstion 6.4 by

Inal = Ins| = p{lz),

LA ) = BBt ] ©6)
Here -
&) =€l
o) = oy
160 = el

and, for sach i, 1 <5 < m,
(€ = )+ (61 =02+ (s =)

where Cu(52) = (6, = (1= ) V (6, = (1 —cua)) ¥ (6, = (1= cua)).
Then, fo every A- {0,1)7 — {0,1), the Tollowing conditions hold:

104 i & polynomil o tota degres at most d, then /s i » polynomil of
total degree at most 64 + 2m.
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at most 2p-+ -1, then B s  polynormil of total dogree at most 2p-+i. S0,
past 1 holds.

We prove part 2 by induction on i Fo the basecase, the equality trivially
holds. For the induction step, auppose that ¢ = o fo some 1 < io < p and
that the claim holds for all values of tht ace greater than or equal t0.0 and
lessthan or equal 0 ig ~ 1. By the induction hypothesis,

and by defntion
Bl

Ba(fn - 606ty &)
FBalEn - o Lo 6
By combining the two equalites, we have

Bl &)

T B0
e dteton
LIRS | G CICHRER NS
et issEi
= X Bofenenbionnio) TT &

aeton s

Thus, part 2 holds
To prove part 3, note that

B= ¥ I &8 e

1o sl (6,16 € (0,17 it hlds that B ., 6)
then o all (1, ) € (0.1 Ber, -5
that B, %0 (mod Q).

W dene & family of polynomias Co - Gy et Co =

(mod Q).
(1m0 Q). This implies
E)

LB, ). Foreach i, 1 << 9, define
s
Coaen, O.6ists o) (6.10)
AC(o, L

The functions Cs .., Cy have the folowing properties.
Fact 6.27

1. 1B is a polymomia o totol deree at mstp, thn forevery', 0 < < ',
€. 15 @ polynomial of toal degree at most (6p-+2m) +1.
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constructed from B by resticting it domain to (0, 1) and by taking modulo
1Q ofthe vlue. By property 2, we can treat B as i s valuis wero resticted
0.0 and 1. Recall that fo every oracle A, and every (as, - o) € (0,117,

0 Lo . ) 3.

Since @ > 3™ for every (o1, ) € (0,17, (B, ap) = 0
it and only i (B ay, -+ 1050} = 0. (mod Q). This, equation 6.7 holds.
This implics that = ¢ L. 3 Fact 62

6.4.23 Developing the Probabilstic Oracle Protocol. Now we de-
velop a probabiltc oacle Turing machine M that tests the membership of
in I based on Fac 625

"We assume that the pare of the oracle providing information about the
membership of 2 n L has a binary encoding of an integer Q € 2,247,
‘which i supposecly a prime numbe, and a cartifcat of i primalitythat can
be verifid in polynomial ime. Thisassumption is valid. See the discussion
in the proof of Lemma 6.11 an page 131

We'lso assume that the partof the oracle corrspondin to 7 hasinor-
mation about the functon - 2y — Zo, which the oracle claims has the
propertes n the statement of Fac 625

"Wo define a amily of polynomials &, .. By, Define o ol &1,
Zq, By 2y~ Za by

Boltrs -+ 65) = BlEss - &)1 =B - &) ©8)
For each i, 1< <, define

B, &)

By 6o ) ©9)

Bl 6 e

The fncions B, ..., B Bav the flnin properios.
Pt 020
1. If B is a polynomial of total degree at most p, then, for every i, 0 < i < p,

B, isa polynomial of totl degee at most 2p-+i.
2 Forewryi,0< 1<,

LYCTRS PR TCI SN |
aneton =
S L forall €, ) € (0,1)7 itholds hatB(e, .. &) =0 (mod Q)

dhen, foral (6,6 € 25, B, =0 (mod Q).

Proof 1t B is s polynomia of total degzes p, then By i a palynomial of
total degree 2p For evry §,1 € § € p By i polynomial of totaldegree
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@ To test (F), for each i, 1 < i < p", M executes the Self-Correcting
ol momia Equiy ok 01 6345146 B
ey
< oL "M ot the Mo Bty Test i i 10,
£ T (0, e the ot Paymnia st i P 6.1 with
il =gy
« o 0, Mt the Zero Potymomial Tot in i 611 wih
e i
164 he et e, M st =
Wo will o prow that M i that L € NEXP by provig that
M b ol G oo, ht e rtot s ot (o
2 0 el it bty ot than 5t ot ot s
Sound .1 £ L1 M Rl wi oy mrsthn 3.
6,424 Running-Time Anslysi of the Protocol. Sice @ < 24, e
Smping o, ot plorial i < Lo o04) 520 2
P il o ch Lo Do ot i ptaners s . S0+ 37
gl p e Th, e e f sl vt o ek (0 s i 20—
O(p), the total number of samples used to test (B) s

Y (spd+2p)

and the total mumbes of sumples used to test (C) is

o).

842 = 0((p 4 m+ )Y

For the G-Equality Test, the number o samples used s p. For single run of
the Self Cortecting Polynomial Equalty Test with pararmeters » and d the
umber of samples used is -+ 4+ 1. Then,the total number of sampls used

e
5 Graen-ou,

and the total mumber of ssmples used to test (F) i

) @ +d+1) = O((p+m+ 5",

eamsiSapiamiy

The numbers of samples used (o test (G), (H), and (1) are ", p, and /',
respecivel. Thus,the grand total of the mumber of samples used i O{(p+m+
7)) This is O(n) fo some fxed constant k > 1. Al the oher arithmetic
perations required in the protocol can be don i polynomial time. Thus,
M can be polynomial ime bounded.
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2 Porevery i, 1S i<

LRI SR | LR )

-

S for all (6,1 &) € (0.1 it hotds that Cos, - ) = O
(mod Q), them, fo al (6, .- ) € 2, Gpr =0 (mod Q)

ProofSuppose that 51  polyomia of toal degre a mt . Then Cy
s plynomial o tota degrs t most 6+ 2m. For evry .1 1 37, and
vy d 3 1,1 s  polynomia of otal dere st most . then C, i3
Dolynomisl of ol degte at most -+1. Thus,pact 1 o

Parts 2 and 3 can be provn exacly o same woy 28 we proved the
comesponding pars of Fat 625 " a

We sssume that the orace has funtions G, .. Gp Mo, .. Ay
hich e oracecais and B, . By Co s respectivel, and that
e race s o convince M that bk G and o rs s funcions mo-
o Q. o et the caim b th racle,the machine M excutes  seuence f
prtocas. The follwing conitonsa eted by thesguence of rotocols

(A) G polynomial ofttal degree a most .
(B) For each £, 0< < p, G, i plymomial of tota degre at most 2p-+i.
(© For <3S 7, Mo is  polynomial of otal degree at most
G+ 2m i N N
(D) Eaquation 68 holds with Go an & in place of B and 8, respectivel.
(B) Foreach i, 1< 1 < . cquaton 6. holds with G, nd . inplace of B,
a0 By, respectively,
't 1§ < 3, cquaton 6.10 holds with s and ey in place
o €,y respectively,
Su(Gui a6, 6yrca) (mod Q).
(mod Q)
0 (med @)

The machine M execites the following to test theso conditons.

 To test (A), M exccutes the Low-Degreo Test n Fig. 67 with s = p,
dp andll

 To test (B), for each 1,0 < i < p, M exccutes the Low-Degree Test in
Fig 67 with s = p,d = 2 4§, and U =

 To'test (©), for each i, 0% § < 3/, M exccutes the Low-Dogroo Test in
Fig 67 with s = p, d = 6p-+ 2+ and U

 To test (D), M executes the G-Bquality Test in Fig. 635

© To st (E), for ench 1, 1 % i < p, M oxecutes the Solf-Correcting
Polynomial Equality Test in Fig 6.0 with s =, d = pii=1,U = Gi-s,
and V=g,
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Repent the ollowing 604 127 s
Stop 1 Select . € (Z0)" independently nd uifomly at random. o slect
i entry s th Sampling Algorihm i Fig 84 with M = @ and ¢ .
Stop 2 Forcach 1,0 <1 <.+ 1, cbtin rom theoraclethe value of Ly 1)
Step 3 Tt whether Sogocaun ardily + 1) = 0 (mod @), where fo evry
4> 0.and every §,0 € 20+ 1 0y = (-1 ()
1 thetst Tl thn imimeditaly et th input =

Fig. 0.7 Thelon-degree et

S 1L e vl sl o e

Step 2 Use th oracl to abisin ) v = G . )

EPE e e LT g < T
ity

Fig. 6.8 The Geoquaity st

Stop 1 Use e ssmpling slgorithm @ sty o, fom 7
Step 2 Tos whethe s, - 54 o pairwisn ditint 1 th et s then acept
Stop 3 Se 1o (o, .., u) and for ench 0 5 < dy st 0 with the
e by ol o e rde 2 e
0 < 0w = L)
siop nAmxn(dHJx(&H}mmu
1a
[ |
a
IR R

s some polyner

u ime algorithm (.., Gaussan limination) to compute
Step’s Compute e, cu by

(J--C)

and st (6) 0 th polymomil o + 0+ - + "
Step 6 Compate v 4 10) mod & and oy 8 (1) od Q. Tet whether 1o +
o =3 (mod Q). 11 th s fl ten rjct  impmacatly

Fig. 6.9 The efcorrecting polynomial quality st
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A st 5 i sparse it contains a mst poynomially many clements at each
length, e,

(3 polynomial p)(¥ )z = € 8 Ale] = )| < P 1)

“Thischaptar sudies one of the cldest questons n computational complexty
theory: Can sparse sts be NP-completa”

A e noted i the Prefce,the proofs of mostresults n complexiy thecry
ey o algorithns, and the proofs in this hapter crtainly support tht clxim.
In Sect. 11, wel il se a soquence of increasingy elaborate determiistic
tro-pruning and nterval-pruniag procdures o show that spase sets cannot
be <3, complet, o even <7 -hard, for NP unlss P = NP. (Tho appendicos
contain defnitons o and introduction to the reduction types, such a8 <5,

“and the compleity casses,such s P and NP, that are wsed in this

Setion 12 sudieswhether NP can have <J-complte or <-hard spacse
st PPOE) denotes the clas of languages that can be ccepted by
Some deerministic paynonial-tme Turing rmachine lloved st st O(lgn)
e to some NP oral. In Sct. 1, wo illvia binary sarch, sl
ity lgoriths, and nondeterministc lgorichms—prov that sparse
stscanno b <-complet for NP s th poynomial beraechy cllapses
o PO, und tha spare et canno be <-had for NP unlss the
poynomial beraechy collpees to NP

"As o ofen the cae in compleiy-theottic proofs, we wil ypically e
in the consrucion of our st ch hypokhet ofth chore tha the
algorithm s etablshing (o5, we will buld P algorithm for SAT, and wil
1 inthe algorithmtherally bypothtialspaso <7, comple s for
NP).In fac, this thorems vi algorthms tnder hyposheses” approach is
emplosed n each scio ofthis chapte.

Furthermore,mot of Scts. 1.1 and 1.2 e wnifie by the sprtofteir
agorithmic atack, which i to cxplot he (dsjunctv) elfreducblty” of
SATbusially the fact that. » boclean formu b saisble i s0d cnly if
cither it saishabl with s s variable st o Fls or i i saisabe with

T this ook, “we” usully rfes o the authors and the rders s we
ogeher n ur exploraion f complexy thecey

el
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Step 1 Using he samplng slgorthm seect 1,

s 3_ Lo e ol v i ) = G, )
oy g ) =Gl )

tep 3 Evtune 112 (v, 3 ol G wher s the polynomial
“appearing in the deinion of /.

Step & “Test wheher o = (11~ oy 1) (42 =1ap2)" (33 sop03) ' (md Q).
i he test s then ejct = mmedinity

Flg. 610 The Mo, cqualy st

Stop 1 Use the sampling slorth o sl 3 € ()"
Step 2 Obiain from the oraci = (3). 11 # 0. (mod @) et = immedi-
ety

Fig. 6,11 The seo paynomial tet

6.4.2.5 Complotenes of the Protocol. Next w show tht th prso-
cl i complne. Suppee cht 2 € L. Toan ther st o palyril
5 of ol dugte s ot 5tk st all th contons i Fct 635
Take the orale fnctons 6,60, .o, Hy. et are oqul to
BBy . B, Cy .y, tepativaly. Then, by Far 636 a8 637, the
arcl aneans sy he oo condilons

* Bofer, &) = Baler, - 6)(1 - Bo(e
< Rorevry 1< 1<

Oler - &)
L X )
B

o For vy §,0.< 4 p, G i polynomial of toal degree st most 2p-+i.
o Forall (€,",6) € 25, Gpl6r, - ) =0 (mod Q)
o Forevery i, 115,

M )

Hen, o 2o 06ian )

).

A e e, )
o Holar, ) = LB )
o For overy 1,0 < 1 £ 8", M, is  polynomin of total degree at most 6+

6m i .
o For all (6, 6) €2 Hprl6r, - ) =0 (mod Q)

Since the protocal is designed to sccept on encouniring
and wo o to prove here that the probabilty that M
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Proof of Fact 423 Part 1 as wel ss the ft to right disecion of part 2
s strightforward. To prove the right to left disection of pat 2, suppose W,
st (d-+L)-nce but is dnie. Then ther exsts some € Reach(i,d +1)—
‘Reach(s, ) soch that there e two distnet paths from 1 to , with respect
to Wi, Since u € Reach(i,d + 1) ~ Reach(,d), the weight of the two paths
hould be d 4 1. S, they are minimum-weight paths. O Fact 423

Now e build & UL algorithm for the incremental steps. Lot 1 < § < n
and 1< d < 20, Suppose that W, is (4~ 1)-nice and that Count(id ~ 1)
and WeighiSum(i,d - 1) ste known.

Stop 1 Set counters ¢ and s 100
Stop 2 For each node u, 1 < <, do the following:

(s) sl ReachTest t test whether u € Reach(i,d — 1). Then
f the RoachTest outputs “ilure” then output “ailure” and halt,
e
o ifRoachTast aserts that € Reach(i,d—1), then skp to the next
s
« ifReachTest ascrts that u ¢ Reach(id 1), then proceed o (b).

(6) Set. the counter £ 10 0, then fo each node v such that (v,4) is an
edge in G call ReachTost to test whether v € Reach(iod - 1) and
< ifReachTast: rturns “faiure,” then output “fulure” and halt, el
« ifReachTest asserts that v € Reach(s,d~1) and MinWeigh(s,v)+

Wi(o,u) = d, then incroment £
Next,
64 =0, then move on to the next w without touching ¢ or s, else

0= 1, then increment e and add d to 5, lse
06> 1, then assert that W, is ot dnie aad halt.

Step 3 Set. Count(id) to. Count(,d — 1) + ¢, st WeightSum(id) to
WeightSum(i,d —1) + 5, and halt

The correctness of the algorithm follows from Fact 423 I s clea that the

space requirement is Oflogn). Note that W, bang dnice guarantecs that

ReachTest(,d) produces exactly one succesfal computation path. S, there

s  unique successful computation path of this algorithm, along which exactly

oneof the fllowing two events oceurs:

« We e tht Wi i 3+ Dpsice and cbinin Coniid + 1) and
e+,
@ W e that W, it (4 1pnice.

Thus, we can execute the nduction step by UL lgorthm. Putting
o o . e 8 UL Tacins ot deis GAP with (i
AW, Wiy on inputs of ength ) s th advic. Thiscompltes the proot
of Theorem 422, Q" Theorem 422
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Gupta (Gup03] showed that R C.P = BP - C.IP. Groen ot al. GKRI95]
observed that. PH s included i the clss of decsion problems whose mern-
erbips ar deermined by the midle b of 4P funcions.

"The oo techigue used n the cebratd paper by Tods i he one
by Vliant and Vasitani [VVS6], Roughly speaing, 1 order o reduce the
cxcinaty of an unknown nonempey st S of somzeo vetors in (0,11
e apples  sequence of ier. Ench fler can be wrten s b2 = 0,
here - i the it prodct madulo 2 of n dmensional vecors and only
ectorssaifying b 2 0 s passed through the e, Valint and Vazirani
Show that,for any nonempey 5 C (0,11~ {07, i o sequence of n andom.
s by, b € {0,1)% s chosn, he probabiiy hat i some point 1
05", her o exuely ne vt i 3 tha pas trough ol the s
up to by i at least . Ths with 1k technique, ane neds quadratically
any bis (o achioe s conian sucees probabiky in order 0 Tduce the
Cadinality to one. Wo may sk whether 1t i possie o e fewet bis 10
acies  consant suces probbility. Nik, Resan,and Sivakumat (NRSS5]
develope  redution ehemetht s  uaslinnt mumberof bis o acicve
Contantsuccss probtiy:

“Todxs Theorem s aplications n circut thery. A tranlation of
Theorem 4.5 nto cirui class is: ACt (e clos o langunges recognised
by Tumilis of poynomisLsizn, contant-depth, unbounded fanin AND-OR
i) s included in the cas of langunges recognzed by ol of siae
29, dupih2 probabilsic circits with » PARITY gae a the top and
pollogaihmic fanin AND gate st he bottm. Thi faclasion vas it
proven by Allender [ALBO4)ung » diffcet echniqe. Late, Allnder and
Heteampt [ATIO]showed tht, o vey prime b p,the class ACC
he <l of langinge tecognied by famlies of polynoial sz, constant
depth,iruit comising of b fain ANDs, unbounded i n ORs
and unbounded fan-in MODULO p (computing whether the mumbes of 13
i the inputs i n divisibe by p) gatess incuded i the folloing thece
lases f angunges: () th s of nguoges recognioe by dept 4, poylog
aichmic bottonefa-n, iz 24 gt conssag of nbounded fnin
'ANDe, usbounded anin ORs, and unbounded fanin MODULO p gates; (b
he clas of languages ecognizd by depi 3, plylogarichic bottom. fon-
i, sae 25670 cicuis consisin solly of MAJORITY gates (compting
Whethr the majriy of the nput re 13 and () th lass of gunge e
ogsized by depih2, pllogarithmic botomfanin, e 25 prababis
i iruit with a MODULO pgate a the top and AND gates st the bottor.
They alsoshowed tha f the ACC, cus i uiform, thn the casscs (8, ()
and (9 can be all unform. Kannn ot al. [KVVYE3] independently proved
he uniformity el egading heinclision nvaving cas (6 Yoo [Yao9]
Showed tha the incusion involving cles (1) hlds for nonprime modulo p
o el T [Tards)] showed that ACS i incuded i she el of Lngnges
tecogaized by dep2, paylogarithmic botom-anin, i 297 prob.
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4.4 OPEN ISSUE: Do Ambiguous and Unambiguous
Nondeterminism Coincide?

In Sect. 43 we showed that the classes NL and UL are equal under
polynomialsize advice. Can w get id of the polynomialsiza advice, i,
4 NL aqual o UL? One tempting approach would be to derandomize the
Tlation Lemna, however o one s yet succeedod along that path, It is
o known that the equivalence holds f there s et in DSPACE]] that
Fequires circuits of size at last 2° for some ¢ > 0. In partcula, NL = UL
T SAT requires crcuits of size at least 2 for some ¢ >0,

‘Also, what can wo say about the question of whather NP = UP?
There it an orace reltive to which NP # UP. Since there s also an
oracle rlative to which NP = UP (o5, any PSPACE complate s, as
NBPSPACE _UpFS*ACE . PSPACE), relativizable proof techniques can-
ot sttl the NP = UP queston. I fact, it even remains an open question
‘whather the assumption NP = UP implie  collase of the polynomial hier-
archy

4.5 Bibliographic Notes

Past 2 of Propositon 46 is due to Ko [Kob2, Lemma 49 is due to
Schining SchS). Praposition &5 s o o Papadimitrion nd Zachos [PZET]
Regan (Reg] st noted the cosure of 4P under adiion. The abse.
vation appls to L. 4 wel. roposton 416 s dus to Balizar, Book,
a0 Sckining (D585, se b [AngS0 GI70), Buntzoc ot ol DN
proved tha GLVY = . The race, mentoned fn Sct. 4.4 relativetowhich
NP 7 UP i due o Rackoff [Racs2]

The Lolation Lemma was aablished by Molmuley, Vasieas, and Vasi-
ran [MVVET]. Their verson deas only wich a single collecton o sts. Our
Version,which desl with ki calcions f st taken fom the work
of Gl and Wigderson [GW0§].

Tod's Theorm s due to T (Tod01c, and Lema .14, Thorem 4.5,
Theorem 412, Corollary 410, and Gorolry 417 ve al from i s
ol paer. Pat 1 of Propiion 4.0 s often witen 50 BPP = BP - P,
where BP- is what is kown 45 the BP quaaie or the BP operator
Heller and Zachos 256 ttedced this quantiie and frt proved pat 1
of Propastion 5. Corollry 47 generalizes Adieman's [AAIS) caty re-
St TP P/poly. and can be found in Bennet and Gill [BGB1) nd
Schining [Sch3b]. O cthe form of Tod's Theorem is PP C B - PP.

“Tod and Ogivara [T02] showed that C.PPH C BP . C..P o e
ey K 2 3, that ModuPPt C BB - Mod,P. Taru (T3] showed that R,
he onecsidd emor vrson of BP, can felace the BP- on the rghthand
ide rogrding PP and P, Le., PP CR_PP and C_PPH ¢ R C.P.
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billtc circuts with & MAJORITY gate ot the top and AND gates at the
bottom. Beigel and Taru [BT04] showed that in the incusion nvolvin class
(©), deterministic circits sufic. Begel, Reingold, and Spielman [BRS1]
Showed that the class of languages accepted by a constant depth, polynomisl-
Siae ciruits with sny symmetric gate (1. the owtput depending only on the
umber of 15 in the inputs) and unbounded fan-in ANDs and ORs elsewhere
s ncluded in the clss of langusges recognized by & depth-, size 296%™
ireuits with essentaly the same symmetric gate at the top and poyloga-
ithmic aa-in AND gates at the bottom.

“Another application of the islation technique isthe probabilty one “in-
clusion” of NPMV in FPL. Watanabe and Toda [WTS3] proved that with
probabiiy one relative t & andom oracle NPMY (the clse o multvalued
Bondeterministic plynomiak-time functions) has  refnement (see Chap. 3)
i FPL, the clas of functions computable in polynomil tme with paralle
acces to an NP orale.

Wigderson [Wigod] howed how (o spply the Lsolation Lemma to prove
NL € 6L/poly. In an expanded version of that paper, Gl and Wigder-
Son [GWb] asked whether there was any e of the mltile collection version
of the Islaton Lemima. Allender and Reinhasdt [RA99] gove an afirmative
answer o that question by proving Theorem 4.2, Chari, Rohatgl, and Srini-
vasan [CRS35] developed an soltion method that uses fewer randomm bits
than that of Mulmuley, Vasirani, and Vasirani. The reslts that relte the
NL = UL question tothe izt complexity of SAT and that of DSPACE(n),
merioned in Sect. 4.4 ae by Allender, Reinhardt, and Zhou [ARZ96). For the
fac that “standard” graph accesibiliy problem is NL-complete, see (Ss+70).
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o the sring 0, the mumber 2 cortesponds o the sring 1, the number 3 cor-
responds o the string 00, and 50 on. In ight of this biecion, we wil usually,
i this chapter, speak of integers rther than strings. Since acvual Tring ma-
chines operate only on srings, when we say that f(n) i & polynomial-ime
table aperation, we mesn the runtime is polynommial n the length of
ponding to n, and i fact the actul input 10 the Turing ma-
e srin corresponding to n—sinc i this chapter integersare just
alternate intrpretations of binary strings via the already-mentioned ijec-
on. For example,there certialy is a Turing machine that takes o stings
and,in poynomial-time, outpu the sting correspondin o the sum of the
integers cortesponding to i two input sirings, and so additon can be said
10 be & polynomisl-time computable operation.
For the rest of this chapter, we s the term opertion to describe any.
‘mapping from N x N to N.

Definition 5.2 Let s be an operation and.let ¥ be o clss of functions from
N to N, We say that 7 i closed under (the operaton) o f

(¥ € P € Plhs € 7
where g, () = o1 (m), S

This definition merely captures one's nacural inuition about what it

operaion o as & 2-argument function, but when the operation is @ “rad

tional” one, sich as additon or proper subtraction, we wil el fre to
expresions such as f,(n) + f3(n) raher than addiion(f,(n), /()
Lt s consider iwo exapls

Brample 5.3 P i closed under addicion. This can bo seen as ollows. Let
11 and. £, be #P functions. By the defiaiion of #P, this means there are
ondeterminisic machines Ny and Ny such that, on each input 7, f,(2)
quals the mumber o accepting paths of Ny (z) and /() equals the sumbet
of accepting paths of N(z). To prove that #P s closed under addi
consider the nondecerministic machine N chat, on input =, makes one nitiol
nondeterministi chuie, namely, whedher ¢ will smulate N of N,. Then the
mackinesimlates the machine t chose, Note that, in effct, the computation
Feo of N(z) s  tre that hs a rout with two children, ane child beng the
computation tre of Ny (2) and the othe child being the computation tee of
Na(a). So it is clar that the number of accepting paths of N(z) is exactly
£z + ).

Brample 5.4 P s also closed under multiplcation, The proof i similar to
that for addition. Let /; and f; again be #P functions. As in the previous
example, by the defiiion of 4 this means tha thete e nondetermiistic
mackines Ny and Ny such that, on each input 7, 1(z) equals the mumber of
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Pause to Ponder 5.1 I+ SAT in P7

Don't you fel chented when someone tells you the answer to 8 question
before you've had a chance to ponder the issue or yoursef? Sure you do,
ut this happens ll the time. For example, i you aro rading this book, you
probably already know the beautil theory of NP-completeness that was
buil by Cook, Levin, and Karp a ew decades ago. So yo alseady know the
standard,stiking, subtle ansver the fld has bl to Pause o Ponder 5.1,
ey, “We don't know whether or not SAT is n P, but we do know that
SAT i in P if and only if al of the following thousand problems ae in P,
and we alo know that SAT isin P if and only if a least on of the fllowing
(same) thousand problems is n - (For reasons of space, we omit the list
of one thousand NP-complets problems.) Basicall, your ability to consider
Pause to Ponder 5.1 a5 a fresh problem has been pretty thoroughly tanted.

Wo cannot give you back your intellectual virginity rogarding NP.
completencss. However, in this chapter, wo wil ry to do the next bst thing,
In paticulr,in Sct. 5.1 we pose scemingly stple question, Pause to Pon.
e 5.5, that You perhaps have not seen before. Of course,the question is ot
a5 important as P = NP —afer all, what question is7—but the question
turns out to raise some quite subtle and interesting isses. In snswering it,
‘one might happen to buld a theory of one's own that, at least in it general
Bavor, s not too disimilar o the theory of NP-completencas. So, we urge
Jou to take some time to pause, ponder, and—as an intellectual challengo
and exerciso—investigate Pause to Ponder 5.5, which s framed i the fol
lowing section. Section 5.2 presenta . theory that was built a8 an attempt to
understand wha the answer to Passe to Ponder 5.5 might be.

5.1 Framing the Question: Is #P Closed Under Proper
Subtraction?

For the purpose of therest of this chapter, we wil use natural numbers and
binary stings nterchangesbly, vi the standard natural bijecton that ssso-
ciates the natural number n with the leicographically n + 1t string. That
s, the number 0 corresponds to the empty sting,the number 1 corespands
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acoepting paths of Ni(x) and fs(x) equals the mumber of acceping paths of
;). Consder 8 nondeterminitic machine N that on input 7 nondetermin-
{nicaly guesses one computation path of Ny(z) and one computation pach
of Nyx) and then accepts I boh guessed pathaaee acceping paths. Clealy
he mumber of accepting paths of N(z) is exactly f,(x)fo(z). thus showing
that #P s closed under muliplication.

It is o hard to see that #P has a varity of other closre properies
invelving binomial and mulinomial cooficents. However, our nterest is not
in properties that are easy to show that #P has. Rather, we are interested
in propertes chat it might have, and yut for which i currendly seems hard
(or mpesibl) to prove that 4P has them. If this seems strange, consider
e motivation the queston of whether SAT ls i P I might b the case that
SAT € P. However, t probably is had of impossble to prove that SAT € P
corainly, no one has yot proven SAT € P. Nonetheless, the theery of NP.
compleenee does imply interesing things about whether SAT € P, namely,
that ameng all NP probloms, SAT isa problem that is, ogically speaking,
st llkely to be n P 17 SAT i in P, then all NP problems are in P.

“This bings s to our problem. Of course, an NPTM (nondeterminisic
polynomial-time Turing machine) canmot have  nogaive number of accepting
athe. So f we are Intrested in closure under subtraction, we must restict
ur attention to proper subiraction, ., the operation, from Nx N to N, hat
i defned by 0 65 = max(0, a— b},

Pause to Ponder 5.5 Is P closed under proper subraction?

Section 5.2 providesa theory that explore this questlon, but we urge the

reader o ponder the question st a an interestng exercae, In caseone gets

stuck, the footnote 1o the present sentence ivessome very szong hints s (o
how ane can go about this

5.2 GEM: A Complexity Theory for Feasible Closure
Propertics of #P.

This i good point a¢ which to explin the mesning of this chapter'stitle,
the Witnes Reduction Technique. To us, the term witnes reduetion” ac.
ualy encapulates both an intuiton and & technique. The intuiton is that

TThere are two promising approsches. One approach i that one can atempt
o fnd & complity clas Collaper that complcely characterizes whether #P
5 clocd wnde & (Hink. Such  chavacirizatoncan b obtamed): Ancther
approach st show U, sens vry e 10 i i Which SAT is an NP
prebiem that s giclly e el 1o be i (1., 1t he ll problome
10,6 s polynomiab-ime computablecperation nde whizh #P s Jogicaly
et iy o i closed (1.1 4P i lowe under , th #P  cloed sder
vy polynomiatime computable cpersion). The oiwing secton wil o
both thse approaches






